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Chapter 1

Complex Manifolds

1.1 Real manifolds

This short section is just a reminder of material which should be known. Even if
you have not yet seen abstract manifolds, think of submanifolds of a Euclidean
space and convince yourself that they satisfy the conditions of the following
definition.

Definition 1.1.1. A manifold of dimension n and class C*, k > 0, is a Hausdorff
topological space M with a countable basis of topology and a covering {U;;i € I'}
by open sets such that

(i) each U; is homeomorphic to an open subset of R" via a ¢ : U; — ¢(U;) C
R™;

(it) if U; NU; # 0, then ¢; 0 ¢+ ¢;(Us NU;) = ¢;(U; NU;) s of class C*.

The pairs (U;, ¢;):cr are called charts, their collection an atlas, and the maps
¢io¢j_1 are transition functions. A manifold is smooth if the transition functions
are smooth, and analytic, if transition functions are real-analytic.

Smooth functions, smooth maps between manifolds, etc. are defined by
passing to the charts. A tangent vector v at a point m of a smooth manifold M
can be defined either as

(i) an equivalence class of smooth curves v : (—¢,¢) = M, v(0) = m, under
the relation: vy, ~ 2 iff (¢;071)"(0) = (¢; 0¥2)’(0) for some (or any) chart
(Ui, ¢;) with m € U;;  or

(ii) a linear map L, : C*°(U) — R, U open and containing m, which satisfies
the product rule: L,(fg) = f(m)L,(g) + g(m)L,(f).

Remark 1.1.2. Strictly speaking, in (ii) one needs to consider germs of smooth
functions rather than functions. See any book on differential geometry for the
precise definition.
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The linear maps L, are called derivations at m. The set of all tangent vectors at
m is an n-dimensional vector space called the tangent space of M at m, denoted
by T,,,. The disjoint union TM = | |,,c); TrnM has a natural structure of a
smooth manifold of dimension 2n and the map 7« : TM — M, n(T,,M) = m,
malkes it into a vector bundle®. Sections of T'M, i.e. smooth maps X : M — T M
such that m o X = Idy; are called vector fields. They can also be defined as
derivations of the algebra C*°(M), i.e. R-linear maps Lx : C®(M) — C>(M)
which satisfy the product rule Lx(fg) = fLx(g) + gLx(f).

1.2 Holomorphic Functions

Let V be an n-dimensional complex vector space. Then V' can be regarded as a
2n-dimensional real vector space and the multiplication by 7 gives a real linear
endomorphism

J:V =V with J?=-Id

If (a1,...,a,) is a complex basis of V', then (aq,...,an,%a1,...,1a,) is a real
basis.

Conversely, given a 2n-dimensional real vector space V', every real endomor-
phism J : V — V with J? = —Id makes V into a complex vector space via

(a+ib)v=av+bJ(v), a,beR, vel

Such a J is called a complex structure. —J is also a complex structure called

the conjugate complex structure and (V, —J) is denoted by V.

Ezample 1.2.1 (Standard example). V' = C™ with basise; = (1,0,...,0),...,e, =
(0,0,...,0,1). Then

C" ~R*™ = {(z1,...,%n, Y1, Yn) | Zi,ys € R}
and the complex structure

J($17"'axn7y17"'ayn) = (_yla'~'a_yn7x17~--;xn)~

We can generalise this example as follows:

Definition 1.2.2. Let E be an n-dimensional real vector space. The complezi-
fication of E is the real vector space E® = E @ E together with the complex
structure

J:E® S E° Jw,w) = (—w,v).

EC is equipped with the conjugation
C:E° - E® C(,w) = (v,—w).

Since CoJ = —J o, it is clear that C' defines a complex isomorphism between
E® and EC.

LIf you haven’t seen vector bundles yet, don’t worry: they’ll be discussed later.
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Complexification of R™ is the complex n-space C" identified with R?" as
above. In this case the conjugation is given by

C(Zlv'“azn) = (71372)

If W = E® = E ® F is the complexification of a real vector space E, then the
subspace
Re(E) = {(v,0) |v € E}

is called the real part of W. It is canonically isomorphic to ¥ and we can write
W = E@iFE. An arbitrary complex vector space is the complexification in many
different ways (non-canonically): just choose any complex basis B and define E
as the real span of B.

Let (V,J) be a real vector space with a complex structure. We complexify
V to VC and extend J (uniquely!) to a complex linear endomorphism of VC:

J(v+iw) = J(v) +iJ(w)
We still have J? = —Id, so the eigenvalues of J are 4-i. We set
VIO =12 e VO J(2) =iz}, VOl'={zecVC|J(z) = —iz}.

These are complex subspaces of VC. Their elements are called vectors of type
(1,0) and (0,1) respectively.

Proposition 1.2.3. The following identities hold:
(i) VIO ={X —iJX | X €V} and V1 = {X +iJX | X € V};
(ii) VE = VIO @ VOl (as a complex vector space sum);

(iii) Complex conjugation defines a real linear isomorphism between V0 and
VoL,

Proof. Obvious. O

Let J be a complex structure on V. Then we obtain a complex structure on
V.
(Jo)(v) = (Jv).

Definition 1.2.4. Let (V,J) be a real vector space with a complex structure. A
differentiable function

f:V O U—Cx~(R%3)

open
is called holomorphic if it’s differential commutes with J, i.e.

df o J = idf.
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Example 1.2.5. Let V = R?. Then df|p is a linear map R? — R? which should

commute with J = (0 _01) A 2 x 2-matrix <a11 a12) commutes with J iff

1 as1 ao2
du  Ou
a12 = —as1, a11 = age. Thus if f = u + v, then df = gﬁ gg commutes
oz Oy

with J iff
ou Ov ou ov

6: "0, By s

These are the Cauchy-Riemann equations. If we introduce differential operators

o _1(0 0N o _1(o o
0z 2\0x 9y) 0z 2\0x Oy

then the Cauchy-Riemann equations can be rewritten as

of

— =0.
0z
Remark 1.2.6. A holomorphic f : C* — C can be written locally as a convergent
power series in z1,...,2, (no z1, ..., z, occur).
Observe that 2 = 1 (8% — ia%) is a vector of type (0,1) on C? = (R?)C.

In general, for an f : V — C we can extend df|, linearly to V', and then for
any Z = X +iJX € V%! we have:

df [p(X + i X) = df [,(X) + i df|,(JX).
This is equal to 0 iff df|,(JX) =i df|,(X). Thus:
Proposition 1.2.7. A function f : (V,J) — C is holomorphic iff

Z(f)=0 VvV ZecVvo

1.3 Complex manifolds

Definition 1.3.1. A complex manifold of (complex) dimension m is a topological
manifold (M,U) (with an atlas U consisting of charts ¢; : U; — C™) such that
the transition functions ; o ap;l are holomorphic maps between open subsets
of C™. In other words we have local complex coordinates on M.

Remark 1.3.2. Obviously a complex manifold of dimension m is smooth (real)
manifold of dimension 2m. We shall denote the underlying real manifold by
M.

Ezamples 1.3.3. 1) the complex projective space CP™ is the set of complex
lines in C™*! i.e.

CP™ = C™"\{0}/~, where z ~ w <= 3Ja € C*: z = aw.
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Similarly to RP™ we define an atlas

Ui:{[Zo,...,Zm]|Zi7éO}, 1=0,...,m,

, 20 Zi Zm ,
w;: U — C™, [zo,...,zm]l—><,...,,...,)E(Cm.

The transition functions are

-1 o
piow; (wi,...,wm) = @i([w, ..., wj—1, Lwjp, ..., W)
- w1 (1 Wj—1 1 Wj41 W
T T e ey T Ty Ty T Ty ey T
Wy Ws w; Wi W Ws

hence holomorphic. CP™ is compact: We can restrict ~ to the unit sphere
S2m+1 C Cm+1

52m+1 _ {21 c Cm—i—l

Em:|zi|2:1}.

1=0

A line {az | @ € C*} intersects S in the set {a | |a|? = 1}, so in a circle
St. Hence
(CPm ~ S2m+1/Sl

as a real manifold (S is viewed as a group acting on $?™m*1). E.g. form =1
S% = {(z,w) € C* : |z> + |w|* = 1}

and S* acts via a(z,w) = (az,aw). The quotient is S%: notice that the
following functions on C? are invariant under the S'-action: a = |z|?,b = |w|?
and zw and they satisfy the equation c¢ = ab. Hence, if we write 1 = Rec,
xg = Imec, 23 = |2|%, then 2% + 23 = x3(1 — x3), which describes a sphere.
This projection S% — S? is called the Hopf fibration.

More generally, the complex Grassmannian Gri(C") is the set of all k-
dimensional subspaces in C™. A basis of such a subspace can be written
as a k X n-matrix:
V11 . Vin
V =
Vel - - Vikn

Two such matrices define the same subspace if they are transformed into
each other by an element A € GL(k,C) acting by the left multiplication.
For each sequence of integers A = (A,..., \g) with 1 < \y < -+ < A\ <
n we can define a chart Uy of Gri(C") consisting of subspaces such that
the columns with indices A; are linearly independent. In other words the
minor V) consisting of columns with indices \; is invertible. The matrix
V;lV represents the same subspace and its A;-th column is e;. Such a
representation is unique. We define

o Uy — (Ck(n_k)
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by associating to V' the entries of the remaining n — k columns of V{lv.
Check that the transition functions are holomorphic.

Another construction of Grassmannians: GL(n,C) acts transitively on the
set of k-dimensional subspaces. The isotropy subgroup of a point, e.g. the

subgroup which fixes Sy = (e1,...,ex) is
Ol Y
H =
0% | In—k
k n—k

Thus Grg(C™) is the coset space GL(n,C)/H. Both GL(n,C) and H are
complex Lie groups (open subsets of some CV) and as for real Lie groups and

smooth manifolds one shows that the quotient space (complex Lie group)/(closed

complex subgroup) is a complex manifold. As for CP™, Gry(C") is compact:
this time observe that we can choose unitary bases of subspaces, and then

Gri(C™) ~ U(n) /U (k) x U(n — k).

As for smooth manifolds, level sets of submersions f : C™*! — C are
complex manifolds. If f is holomorphic and the holomorphic differential

df = (g—zfl, ol aifﬂ) does not vanish on f~!(c), then f~!(c) is a complex
manifold. It is never compact - see homework.

On the other hand, if p : C™** — C is a homogeneous polynomial, then
v €p 1(0) < av e p (0) Va € C*. Hence, if 0 is the only singular value

of p, then we can consider

(p7"(0)\{0})/~ where v~w << JaeC*: v=aw,

and we obtain a compact complex submanifold of CP™.
Important examples of manifolds obtained in this way include the Fermat
hypersurfaces {[zo, ..., 2m] € CP™ | 25 + - + 2k = 0}.

Let D be any lattice in C™, i.e. a discrete subgroup of the real translation
group. Then C™/D is a complex manifold, e.g. C/(Z @ iZ) is the torus.

Hopf manifold: Let X\ > 1 be a real number. Consider the group I' ~ Z of
transformations of C™\{0} given by

2= A"z, neZ.

This is a free and properly discontinuous action and C"™\{0}/I" is a complex
manifold. We can identify it as a real manifold. First of all

C™{0} = Rsg x S 20 (|Iz], 2/1I2]))-
In this representation A (i.e. 1 € Z) acts by A.(r,u) = (Ar,u), and so
C™\{0}/T ~ S* x §?m~1,
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Definition 1.3.4. Let M be a complex manifold. A function f : M — C
is called holomorphic iff for every local holomorphic chart (U,¢) on M, the
function f o ¢~! is holomorphic. More generally a map ¢ : M — M’ between
complex manifolds is called holomorphic iff for every chart (U, ) on M and
(V,4) on M’, the map 1 o f o ¢! is holomorphic.

‘We now want to define holomorphic tangent vectors. This time the definition
in terms of derivations is much more suitable. First of all, for an open subset U
of M set:
Hol(U) := {f : U — C| f is holomorphic}.

We now define an  (holomorphic) tangent vector at p € M to be a complex
derivation of Hol(U), where U is any connected open neighbourhood of p, i.e. a
map ¢ : Hol(U) — C, such that

d(af + Bg) = ad(f) + Bé(g), VY a,B€C,
6(fg) = f(p)d(g) +6(f)g(p)-

This time there is no need for germs, since a holomorphic function on a con-
nected set is determined by its restriction to any open subset. In local complex
coordinates (z1, ..., 2, ) we can write such a tangent vector v as

)
v = ;’Uiaiz’i.

The complex vector space of all holomorphic tangent vectors will be denoted by
T, M (not to be confused with T, Mg).
As for smooth manifolds, we consider the disjoint union

T™ = | | T,M.
peM

This is again a complex manifold, called the holomorphic tangent bundle. The
base map is m : TM — M, 7n(T,M) = p. A holomorphic vector field is a
holomorphic map

X:M—TM st woX =idly.

A holomorphic map F' : M — N between holomorphic manifolds induces a
holomorphic map between tangent bundles

F.:TM — TN, F.(6)(f) =4(foF).

1.4 Almost complex manifolds

Let M be a complex manifold of real dimension 2n. Consider TMg (the real
tangent bundle).
Let (U, ¢) be a holomorphic chart and define J : T, Mr — T, Mg, p € U via

J(v) = (dp) ™" 0 ju 0 dip(v),
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where j, is the standard linear complex structure on R2"

jn(x17”';xn7y17"'ayn) = (_yl>~--7_yn7$17--~7$n)-

If (V,4) is another holomorphic chart around p, then

(dip) ™" 0 g 0 dip(v) = (dip) " 0 jn 0 d (0 o) o dip(v)
holomorphic

= (dy) " od(y o) o jn 0 dp(v) = (dp) " 0 jn 0 dp(v),

so the definition does not depend on the chart. We obtain an endomorphism of
the tangent bundle (i.e. a (1, 1)-tensor)

J: TMr — T Mg

satisfying J? = —Id.

Definition 1.4.1. A (1,1)-tensor J on a smooth manifold M satisfying J? = —Id
is called an almost complex structure. The pair (M, J) is then called an almost
complex manifold.

A complex manifold is therefore canonically an almost complex manifold. We
want to investigate the converse. Let (M, J) be an almost complex manifold.
Complexify the tangent bundle 7€M (so complexify the vector space T, M at
every point) and consider the subbundles of vectors of type (1,0) and (0,1):

T''M ={X —iJX | X € TM} - the +i-eigenbundle,
TO'M ={X +iJX | X € TM} - the —i-eigenbundle.

Suppose that J arises from complex coordinates {z1,...,2,} (i.e. (M, J) really
is a complex manifold). Then the vectors

9 9 where 0 _1 a—ia

821 B azn’ 8ZZ o 2 Bxl 8yi

are of type (1,0) and

0 0 hee 2 _1(9 0
821""’3Zn’ 0z; ) ox; Byl

of type (0,1). They form bases of T,°M and T"' M, respectively. If Z, W are
two local sections of TV0M, i.e.

then
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is again a local section of TV°M. Similarly if Z, W are local sections of T%1 M,
then so is [Z, W]. Thus the condition? [T%1M, T M] C T%'M is a necessary
condition for the existence of complex coordinates inducing J. (Formally, this
is similar to the involutivity required in the Frobenius theorem.)

It turns out that this necessary condition is also sufficient:

Theorem 1.4.2 (Newlander-Nirenberg). Let (M, J) be an almost complex man-
ifold. The almost complex structure J arises from a holomorphic structure iff

[T M, T M) € T M.
One says then that J is integrable and refers to J simply as complex structure.

Let us work out what this condition means. Compute
(X +iJX, Y +iJY]=[X,Y] - [JX,JY]+i([JX,Y] + [X, JY)).
This should again be of the form Z + iJZ, which means that
[JX, Y|+ [X,JY]=J(X,Y] - [JX,JY]).
Equivalently, the tensor?
N(X,Y) = [JX,JY] - [X,Y] = JJX,Y] - J[X, JY]

vanishes identically. N is called the Nijenhuis tensor (or the torsion of an
almost complex manifold). Therefore an almost complex structure J arises
from complex coordinates (i.e. (M, J)) is a complex manifold) iff the Nijenhuis
tensor N = N; vanishes. The proof of the Newlander-Nirenberg theorem in
full generality is much too long to present it here; next week I'll present a proof
under the additional assumption that (M, J) is real-analytic. In the meantime,
let us look at spheres.

Theorem 1.4.3 (Kirchhoff). If S™ admits an almost complex structure, then
S™ L has trivial tangent bundle.

Proof. Let J be an almost complex structure on S™. View S™ as the equator
in S"*1 which in turn is the unit sphere in R"*2. Set e = (0,...,0,1) € R"*2,
so that every vector x € S"*! can be written uniquely as = ae + by, b > 0,
y € S™. Consider

T,8" = {z e R"" | 2 Ly},

and define o, : R**! — T, 57+ by

o(y) = ay — be
0.(2) = az +bJ,(2), for z€yt =T,

2[T9%1 M, T M] is a shorthand for [[(T%'M),T(T%*M)] C T(T%! M).
3In Homework 2 you are asked to show that this is a tensor.
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Let us check that this is in 7,,5"T!, i.e. that the right-hand side is orthogonal
to © = ae 4+ by. Obviously (ay — be, ae + by) = 0. On the other hand o,(z) L y
by definition and, since o,(z) € R", 0,(z2) L e. Hence 0,(z) L . Thus we
have a global map S® x R**! —s TS+ (2 v) + 0,(v), linear for each x,
and we only need to check that it is a bijection for each x. We show that
Ker(o,) = 0. Clearly o,(y) # 0. Suppose that z # 0 and o,(z) = 0. This

means that bJy,(2) = —az, and if b # 0, then z is an eigenvector of J, with real
eigenvalue, which is impossible. On the other hand, if b = 0, then a = 0, so
x=0¢ St O

Adams showed in 1960 that T.S™*! is trivial if and only if n 4+ 1 = 1,3, 7.
Hence only S? and S% can admit an almost complex structure. For S? we
already know this, since S? is diffeomorphic to CP'. Here is another description
using quaternions, i.e. the algebra H consisting of pairs of complex numbers
with coordinate-wise addition and multiplication given by

(21, 20) (2], 25) = (212] — 22279, 2125 + 2221).

This can be also interpreted by writing an element of H as z; + 255, where
j2 = —1 and 4j = —ji. The multiplication is then determined by these identities
(plus the associativity and the distributivity). This multiplication is associative,
but not commutative.

The quaternionic conjugate of ¢ = (21, 22) is § = (Z1, —22). We have ¢q =
(21Z1+22%2,0) and we define |q|? = 2121 +22Z2. A quaternion is called real (resp.
purely imaginary) if ¢ = G (resp. ¢ = —q). ¢ is purely imaginary iff z; = —Z1,
so these form a 3-dimensional subspace Im H. The scalar product on ImH ~ R?
is given by (g, q’) = Re(qq’) and the vector product by ¢ x ¢’ = Im(gq’). Now:

S ={¢eImH||¢| =1} and T,5°={¢ € ImH]|(g,¢') =0}.
We define J, : T,5% — T,5? by
Jo(q) =qxq".
Then Jg(q’) € T,5?, since ¢ x ¢’ L q. Moreover

J3d) =qx(gxqd) = qx(¢¢ —Reqq") = ¢x (q¢') = Tmq(qq’) = Im¢*¢' = —¢/,
since any quaternion in S? satisfies ¢> = —1. Therefore J is an almost complex
structure on S2.

For S® we repeat the procedure. The algebra @ of Cayley numbers (or
octonions) is the set of pairs of quaternions with multiplication

(q1,2) (41, %) = (14} — d4a2, 45q2 + q24}).

This multiplication is not even associative. It does, however, satisfy the so-called
alternative law:
x(za') = (zx)r’ , (2'z)r =2/ (xz),
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i.e. associativity if two neighbouring factors are the same.
Again we have a conjugation:

(q1,92) = (@1, —q2) with 27T = (1q; + G292,0),

and therefore a norm |z|? = ¢1q; + ¢2G,. Again we can define real and purely
imaginary Cayley numbers. The vector space of purely imaginary Cayley num-
bers is 7-dimensional, and it is equipped with a scalar product (x, 2’) = — Re(zz’)
and a vector product = x ' = Im(xz’). We have z x 2/ = —2’ x  and
(x x &', 2") = (z, 2’ x 2’"). Consider

S¢={r cImO||z| =1} and T,S°={ycImO| (z,y) = 0}.

Define J,(y) = = x y. Again J, : T,8% — T,5% and again J? = —Id (ob-
serve that in the above calculation of Jq2 for quaternions one needs exactly the
alternative law). This almost complex structure on S¢ has N # 0, i.e. it is non-
integrable. It is unknown whether S® admits a complex structure, i.e. whether
56 is a complex manifold.

We have the following application:

Example 1.4.4. Let M be an oriented hypersurface in R”. For m € M, consider
the unit normal vector v, corresponding to the orientation. Then T,,M =~
vt ~ T, S%. Therefore the almost complex structure on S® induces an almost
complex structure on M. Thus every oriented hypersurface in R” is an almost
complex manifold.

1.5 Decomposition of the complexified exterior
bundle

Let (M,J) be an almost complex manifold. We have seen that a complex
structure on a vector space V induces a complex structure on V*. Therefore we
obtain a complex structure on each Ty M and consequently a decomposition of
the complexified cotangent bundle

(T*M) =T*M & C
into the (1,0)- and (0, 1)-parts. For convenience, we shall write AL = (T*M)C,
ALON = ((7*M)C) Y and A%1M = (T*M)C) V. We have (see §1.2):
AMOM ={p—ipoJ|pecT M}
A M ={p+ipod|peT*M}.
Ezample 1.5.1. On C" we have (dei)(aiw) = d:ci(Ja%i) = dfi(*aizi) =—1,s0
AV = {dx; +idy;} and Jdz; = —dy;.
Lemma 1.5.2. We have
AOM ={we AAM |w(Z) =0V Z € T"' M}
AMM ={weAfM |w(Z) =0V Z € TY'M}
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Proof. w € MMM <= woJ=iw < (wolJ)(V)=iw(V)VV € T°M.
If we decompose V = V1.0 + V01 then

(wo ) (V) =w(JV) =w(@V'? — iV = jw(V10) —iw(VOh)
This is equal to iw(V) iff w(V%1) = 0. Analogously for A% M. O

We now decompose the k-th exterior power AéﬁM of T*"M ® C:
AEM = AF(A°M @ A% M) = H AP(AV°M) @ AT(AM).
p+q=k

We shall write APIM = AP(AYOM) @ AY(AOIM). If ¢y,...,p, is a basis of
ALOM, then @y, ...,%, is a basis of A%LM, and the set of alternating forms

Qiy Ao Npi, NPy A= A, with iy <--- <idp <, g1 <-o- <y <,

is a basis of AP:YM. Therefore the rank of AP7M is (Z) (Z)

Sections of AEM are C-valued differential forms; sections of AP9M are called
differential forms of type (or degree) (p,q) and their space is denoted by QP-7(M).

Proposition 1.5.3.
dQOP1 c QpT2a-1 g Qptlha g Qpatl g Qp—Lat2,
Proof. Let w € QP9(M). We can write it locally as
w=foi, N Npi, N, N--- N,

where @1, ..., pp is a local frame of (1,0)-forms. We know that df € Q'(M) =
QLO(M) @ QOY (M) and dp, € Q*(M) = Q>°(M) & QVY (M) @ Q2(M) and
similarly for @,. Applying d to w decomposed as above proves the claim. O

For integrable almost complex structures this becomes much simpler, since
we can choose a frame of the form ¢; = dz;, where the z; are local complex
coordinates. Then d(dz;) = d(dz;) = 0, and so

d(fdz“ VARERIVAN dZip AN dfjl VARERIVAN dqu)
=df Ndziy Ao Ndz, NdZj, A NdZg, € QPTR @ QP
and also df € Q0 @ Q%! In fact we have:

Proposition 1.5.4. For an almost complex manifold M, the following condi-
tions are equivalent:

a) If Z and W are complex vector fields of type (1,0), then so is [Z, W].
b) If Z and W are complex vector fields of type (0,1), then so is [Z, W].
c) dQ0 C Q20 @ Qb and dQ% c QY @ Q02
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d) dQpd C Qptla g Qpatl Vp, q.
e) the almost complex structure is integrable (i.e. N =0).

Proof. Owing to the Newlander-Nirenberg theorem, we already know that a)
< b) <= ¢e). Clearly d) = c¢) and the argument in the proof of
Proposition 1.5.3 implies that ¢) = d). It remains to show that c) is equivalent
to a) and b). Let w be a 1-form of type (0,1) and Z, W vector fields of type
(1,0). A well-known formula for the exterior derivative gives then

dw(Z,W) = Z(w(W)) = W(w(2)) —w([Z,W]) = —w([Z,W]).  (1.5.1)

—— ——
=0 =0

Observe that the 2nd formula in ¢) (denote it by ¢2)) is equivalent to dw(Z, W) =
0 for all w € Q%! and (1,0) vector fields Z, W. Formula (1.5.1) implies that this
is equivalent to [Z, W] being of type (1,0). Thus ¢2) <= a). Similarly cl)
<= b). O

Given two manifolds M and M’ and a smooth map f: M — M’, we can
extend the differential f, to a C-linear mapping of T¢M to TCM’, which we still
denote by f.. Similarly* f* maps complex differential forms on M’ to complex
differential forms on M.

Definition 1.5.5. A smooth map f : (M,J) — (M’,J’) between almost com-
plex manifolds is called almost complez if f,oJ = J o f,.

Note that for complex manifolds “almost complex map” is the same as “holo-
morphic map”.

Proposition 1.5.6. For a smooth map f : (M,J) — (M',J') between almost
complex manifolds the following conditions are equivalent:

a) If Z is a complex tangent vector of type (1,0) on M, then so is f.(Z) on M.
b) If Z is a complex tangent vector of type (0,1) on M, then so is f«(Z) on M'.

¢) If w is a complex differential form of type (p,q) on M’, then f*w is a differ-
ential form of type (p,q) on M, for all p,q.

d) f is almost complex.

Proof. Homework. O

Definition 1.5.7. An infinitesimal automorphism of an almost complex structure
J on M is a vector field X such that LxJ = 0. (In other words, the local flow
of X consists of (local) almost complex transformations.)

Proposition 1.5.8. A wvector field X is an infinitesimal automorphism of an
almost complex structure J iff
(X, JY]=J(X,Y]) VY eI(TM).

4Recall that the pullback f*w of a differential k-form is defined by f*w(Xi,...,Xy) =
w(f*X17 ey f*Xk)
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Proof.
[X,JY]=Lx(JY)=(LxJ)Y + JLxY = (LxJ)Y + J([X,Y]).
O

Remark 1.5.9. If X is an infinitesimal automorphism of J, JX need not to be.
In fact, the last proposition implies that if X is an infintesimal automorphism,
then, for all vector fields Y,

N(X,Y) = [JX,JY] - J[JX,Y] - [X,Y] - J|X,JY] = [JX,JY] - J[JX,Y],

and so JX is also an infinitesimal automorphism iff N(X,Y) =0V Y.
Conversely, it follows that if N = 0, i.e. the almost complex structure J is
integrable, then the Lie algebra a of infinitesimal automorphisms of J is stable
under J, and [X,JY] = J[X,Y] VX,Y € a. Hence a is a complex Lie algebra
(possibly infinite-dimensional).

Proposition 1.5.10. On a complex manifold M, the Lie algebra of infinitesimal
automorphisms of the complex structure J is isomorphic to the Lie algebra of
holomorphic vector fields, the isomorphism being given by

1
X Z= (X —iJX).

Proof. Suppose that X — iJX is holomorphic and Y € I'(T'M) is arbitrary. If
f is a local holomorphic function, then

(X +iJX)(f) =0 = (X —iJX)(f) = (2X — (X +iTX))(f) = 2X(f).

Hence X (f) is holomorphic, which means that (Y 4 ¢JY)(X(f)) = 0 and of
course (Y +iJY)(f) = 0. Therefore

Y +iJY, X](f) = (Y +iJY)(X(f)) — X((Y +JY)(f)) = 0.
On the other hand:

Y +iJY, X](f) =0 < [Y +iJY, X] is of type (0,1)
= Im([Y +iJY, X]) = JRe([Y +iJY, X])
— [JY,X]=J]Y,X] = Xca

Conversely, suppose that X is an infinitesimal automorphism of J. Due to
Proposition 1.5.8, we know that [JY, X] = J[Y, X], ie. [Y +iJY,X] is of
type (0,1) for any vector field Y. Then (reversing the argument above) [Y +
iJY, X](f) for any local holomorphic function f, so (Y +iJY)(X(f)) = 0, which
means that X (f) is holomorphic, and hence X — iJX is holomorphic.

Thus the map 6 : X — L(X —iJX) is a linear isomorphism between in-

2
finitesimal automorphism of J and holomorphic vector fields on M. We need to
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check that this map is a Lie algebra homomorphism:

[mxyeaq]:£p¥—¢JXJf—¢nq::%QXJq-qJXan—iuXJq—iu;JYD

1

5 (X, Y] —iJ[X Y]) = 6([X, Y])

:5mn+wﬂ_umﬂ—mxm

O

Definition 1.5.11. A real vector field X on a complex manifold is called real-
holomorphic if X —iJX is a holomorphic vector field.

We shall now prove the Newlander-Nirenberg theorem in the case when both
the manifold and the almost complex structure are real-analytic.

Theorem 1.5.12 (Newlander-Nirenberg theorem in analytic case). A real an-
alytic almost complex structure with vanishing torsion is integrable, i.e. it is a
complex structure.

Before the formal proof, let me describe the intuitive idea behind it. Since
M is real analytic (i.e. the transition functions are), we can complexify M, i.e.
construct a complex manifold M® such that M sits inside M (as a fixed-point
set of an anti-holomorphic involution, but we shall not need this explicitly). In
order to do this, extend each transition function ¢; o ¢; ' : ¢;(U;) — é;(U;)
into the complex domain, i.e. to a small neighbourhood of ¢;(U;) in C™ (small
enough so that the extended map remains a diffeomorphism). We can do this
by expanding a transition function locally into power series and replacing each
real coordinate x; with a complex coordinate z;. Since J is real analytic, it
extends analogously to a holomorphic endomorphism J : TMC — TMC satis-
fying J? = —Id, where TMC is the holomorphic vector bundle. We consider
the +i-eigenbundles, denoted by 77 and 7~. These are complex subbundles
of TM® and they satisfy [T%,T*] C T, since these conditions hold on M.
Using the holomorphic version of the Frobenius theorem, M€ is foliated into
submanifolds, the tangent space of which at each point is T~. The leaf space
(which is well defined at least in a small neighbourhood of each point) is then a
complex manifold. In a neighbourhood of each m € M the leaf space is simply
M, and so we obtain local complex coordinates on M. These induce the given
J, since J is i on Tt.

We proceed with a more formal proof. We need the following lemma:

Lemma 1.5.13. Let (M, J) be an almost complex manifold with dimg M = 2n.
If every point of M has a neighbourhood U and n complex valued smooth func-
tions fi,...,fn : U — C such that df1,...,df, are of type (1,0) and linearly
independent at every point of U, then the almost complex structure J is inte-
grable.

Proof. By taking U small enough, we may assume that f = (f1,...,f,) is a
diffeomorphism of U onto an open subset of C™. Let V' be a small neighbourhood
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of another point with a similar g = (g1,...,9,) : V — C" (also a diffeomorphism
onto image). Suppose that U NV # (. It follows from Proposition 1.5.6 that
f and g are almost complex mappings (since f, and g, map (1,0)-vectors to
(1,0)-vectors). Hence f o g~! is also almost complex, which is means fog~? is
holomorphic, since the almost complex structure of C™ is integrable. Thus we
obtain a complex atlas on M, which induces the given almost complex structure

J. O

Proof of the Newlander-Nirenberg theorem. An immediate consequence of the
above lemma is that we only need to prove the theorem locally. Let U be a
small neighbourhood in M and z!,..., 22" (real-analytic) local coordinates in
U. The 1-forms

det +iJdxt, ... dx®™ + iJdx®"

span ALOM at each x, so we can choose n among them which are linearly
independent everywhere on U (perhaps after making U smaller). Denote these
by w!,...,w" and write

2n
wh = Z f(z)dz®.
a=1

The assumption that J is real analytic means that the coefficients f¢ () are real
analytic (and C-valued). We may consider U as a neighborhood of the origin
in R?" with coordinates z',...,2%". Complexify R?" to C?" with coordinates
2t ..., 22" where 2' = 2! + /-1 9"

Since f!(z) are real-analytic, we can extend them to holomorphic functions
f1(z) on a neighborhood U of U in C2" by taking the power series expansion of
fi(z) and replacing x with z. Similarly we can extend the complex conjugate
functions f7 () to holomorphic functions fi(z) on U (maybe after making U
smaller). Set

2n 2n
Q=) fi(z2)dz”  and QP =) fi(z)dz".
a=1 a=1

Since w’ are linearly independent, so are w',...,w", @', ...,@", i.e. the matrix

)
fa(x)
is nonsingular. Hence the (2n x 2n)-matrix formed by fi(z) and E(z) remains
nonsingular for z in a small neighborhood of U in @2” and, consequently, we can
take U small enough so that Qb QO .. Q" are linearly independent at
each point of U. Therefore we can express each d€)/ as

AV =>"AL QP AQ Y Bl QR AQ ) QF A0, (15.2)

k<l k.l k<l

where the coefficients are holomorphic functions on U.
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On the other hand, the equivalence of conditions a) and c) in Proposition
1.5.4 (which we proved directly, without resorting to the Newlander-Nirenberg
theorem) means that dw? is a sum of terms of type (2,0) and (1, 1). If we restrict

(1.5.2) to U, i.e. to y = 0, then it follows that C},|y = 0. Since the functions
Cj, are holomorphic, they must= vanish identically on U. Hence

aQl =3 AL QP AQN+ > B aF A QL
k<l k,l
We now appeal to the following holomorphic version of the Frobenius theorem.

Theorem 1.5.14 (Frobenius). Let @'..., " be everywhere linearly indepen-
dent holomorphic 1-forms in a neighborhood V' of 0 in C™. If

d@jzzwi/\g@k, j=1,...,m
k=1

where each 1/)% is a holomorphic 1-form on V', then there exists a smaller neigh-
borhood W of 0 and holomorphic functions g*,...,g" on W, such that

r
30] :Zpi dgkv j:]-»"'ara
k=1

where the pi are holomorphic functions on W.

Continuation of the proof of the Newlander-Nirenberg theorem. It follows that
there exist holomorphic functions G*,...,G™ in a neighborhood of 0 in C?",
such that

O =>"PldG*, j=1,...,r
k=1

If we write g* = G|y and p), = P}|y, then w’ = 3" pldg*.
k=1

Since w!,...,w" are linearly independent (1,0)-forms on U, dg',...,dg" are
also everywhere linearly independent 1-forms of type (1,0), and the assumption
of Lemma 1.5.13 is satisfied. Therefore J is integrable. O

Further reading:

i) A relatively simple proof of the full version of the Newlander-Nirenberg
theorem may be found in: L. Nirenberg, “Lectures on Linear Partial
Differential Equations”, AMS, 1973.

ii) Whenever you have a geometric structure, you may ask about
homogeneous examples and their classification. You can read about
invariant almost complex structures on homogeneous manifolds in §X.6
of Kobayashi & Nomizu, vol. II.
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iii) In the last question session, you asked about the space of all almost
complex structures on a given manifold. The only nontrivial results I
found are in the 2018 Ph.D. thesis by Bora Ferlengez “Studying the
Space of Almost Complex Structures on a Manifold Using de Rham
Homotopy Theory”. It is available online at:
https://academicworks.cuny.edu/cgi/viewcontent.cgi?article=
3931&context=gc_etds| Be warned, however: this is not easy stuff and
will require serious background reading in topology.

1.6 Dolbeault cohomology
Let M be an complex manifold. According to Proposition 1.5.4 we have
dQPa(M) C QPTLI(M) @ QP (M),
This means that we can decompose the exterior derivative
d: QF (M) — QL (M)
as d = 0 + 0, where
0:QPYM) — QPYLYM) and 9 : QPY(M) — QPITE(M).
In local coordinates, if we write ¢ = > o5 dzi; A+ A dzi, Ndziy, N--- Ndz;,
(where I denotes multi-indices), then !

a5 dor -
acpzzzﬁdzs/\dzil/\-~/\dzip/\d§i1/\-~~/\dziq,
I s s

and similarly for 0.
Lemma 1.6.1. The following identities hold:

0?=0, 9°=0, 00+ 00=0.
Proof. We have

0=d*=(0+0)*= 0%+ (00 + d0) + 0°.

Now just observe that, on QP4(M), 9> takes values in QPT24(M), (90 + d9) in
QPrLatL (M), and 92 in QP9T2(M). O

Remark 1.6.2. In local coordinates, the equation 0% = 0 is equivalent to

0? 02
(951'853‘ - 331'331‘7

analogously to d?.


https://academicworks.cuny.edu/cgi/viewcontent.cgi?article=3931&context=gc_etds
https://academicworks.cuny.edu/cgi/viewcontent.cgi?article=3931&context=gc_etds
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We denote by Zg’q(M) the space of J-closed forms of type (p, q), i.e.
Z5U(M) = Ker (0 : Q1(M) — QP9H1(M)).

Since 9? = 0, Im 0 C Kerd, and we define the Dolbeault cohomology groups of
M to be

p.q Ker(0 : QP4(M) — Qp-atl) Zg,q(M)
HP(M) = =1 o .
’ In (9 Qra-L — Qra(dD))  9(wa-1(M))

These are complex vector spaces. Observe (c.f. Prop. 1.5.6) that for a holomor-
phic map f : M — N of complex manifolds we have f*(QP(N)) C QP9(M).
Moreover 9 o f* = f*o 0, and hence f induces a linear map

[ HEY(N) — HEI(M).

Recall® that the key fact about the de Rham cohomology is the Poincaré
Lemma:

“An open ball in R™ has trivial de Rham cohomology.”
We have a Dolbeault analogue of this:
Proposition 1.6.3 (0-Poincaré Lemma). Let A = A(r) be an open polydisk in

Cn, i.e.
A={(z1,-.-,20) €C" | |z¢] <7}, 1€ (0,00].

Then HZ*(A) =0 for all ¢ > 1 and all p.

Remark 1.6.4. On the other hand, observe that H S’O(A) is the infinite-dimensional
vector space of holomorphic p-forms on A.

Proof. We first consider the case n = 1. Observe that if dim M = 1, then
Q29(M) = Q%2(M) = 0, so that Q?(M) = QY1 (M). Consider the statement
Hg’l(A) = 0. Since Q%2(A) = 0, any (0, 1)-form is d-closed, so we need to show
that for any g € C*(A), the (0, 1)-form g(z,Z)dZ is in the image of 9, i.e. that
there exists an f € C*°(A) such that

_ af
dz = 0(f) = ==dz.
g (f) =53
This is equivalent to showing that there exists a solution to % = g for a given

g. We first show this for compactly supported g.

Lemma 1.6.5. Let g be a C>°-function with compact support on C. Then there
exists a C*®-function f on C such that g—é = g. Moreover f is defined up to
addition of a holomorphic function.

5If you have not seen the de Rham cohomology, it is defined the same way as Dolbeault
cohomology, but using d instead of 0.
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Proof. Set

f(z,z):—l/gc(c_’i) dcnde = 1/9(22’2”) dn A d.
C

211 n=z—C 21

This converges for large 7, since g has compact support. For small n, we rewrite
in polar coordinates and get

1 € 27r1

— L)< -

57 /( )_C//rrdrdG,
B(0,¢) 00

which converges. Hence f is well defined for all z, and we can write
1 [
O P Y .
271 e—0
C\A.

The convergence is uniform, which means that we can differentiate under the
integral and conclude that

1 9'tig o _
/ (z—=n,Z—7) dypAdf

0 0xidyI
C
converges, owing to the same argument as before. Therefore f is smooth. We
now check that % = g. First of all:
of 1 10g
— = lim — ——=(z—mn,z—7) dn A d7.
8z <50 2mi 7782(2 m,% = 71) dn A dn

C\A.

We can rewrite:

10g

(2777727ﬁ)
-2 AN R
n 0z )

- - 1 dg = - g
(z=n,2=1) dnAdi) = —— ——(z=1,Z=17) dnAdj = d <
non n
because d(pdn) = g—% dn A dn. From the Stokes theorem we conclude:

1 19g o 1 g(z —1,Z —7)
= 2= —) dpAdif = — d d
57 ; %(z n,Z —1) dn Adn 5 / < . n
C\A. C\A.
27 . .
_ / ge—nz=m ,  _ L / glz—ee® Z—ce). o,
2mi n n=eei® 271 ce?

oA

1 27

= /g(z—eew)dﬁ = 9(2).
0

(=]

T oon

average of g over the circle

The second statement is obvious. O
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Let now n be arbitrary.

Lemma 1.6.6. Let U C C" be an open polydisk and K a compact polydisk
inside U. Let w be a 0-closed (p,q)-form on U, ¢ > 1. Then there exists an
open polydisk V with K C'V C U and a (p,q—1)-form 6 on U, such that 06 = w
onV.

Proof. We first reduce to the case p = 0. A (p,q)-form can be written as

w= Z wr Adzy, N+ Ndzg,,
I=(i1,...,ip)

where each wr is a (0, ¢)-form. Then:

Ow = Z(éwl) Ndzi, N+ Ndzg,.
T

Hence w is d-closed if and only if each wy is d-closed. Therefore, if the lemma is
true for p = 0, then we can find polydisks V; with K C V; C U and (0,q — 1)-
forms 0y s.t. 00y = wy on V. On V = (| V; we then have 00 = w, where

I

G:ZGIAdzil/\~-~/\dzip.
I

Thus we can assume that w is a d-closed (0, g)-form. We proceed by induction
on the largest integer k such that dz, appears in w. If & = 0, then no dzy
appears, and w = 0 and we can take § = 0. Suppose that the claim holds for all
integers < k and let w = wy + dz; A ¢, where both wy and ¢ contain only dz;
with ¢ < k. Write

¢ = > g dzj A---NdZj, . (1.6.1)
1< < < gk
N————

=:J

Observe that if [ > k, then

Zg—%’ Az NdEx NdZj A NdE,

J
is the only term containing dz; Adzy AZj A---AdZz;, _, in Ow. Therefore ‘Z,% =
for I > k, so that each g; is holomorphic in zgi1,...,2,. We can multiply w
by a bump function, compactly supported inside U and equal to 1 on an open
polydisk V such that K C V C U. According to Lemma 1.6.5, we can find
functions f; such that % = gy for each J occuring in (1.6.1). Since the
fr are defined by integrating with respect to 2z, they remain holomorphic in

Zhdly .-y 2n. €t

Oé:ZfJ dz;, /\"'/\d?j(k17
J
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where the summation is over the same J as in (1.6.1). Then dz; A ¢ — o
contains only dZ; with i < k (on V). The same is then true for w — da. From
the inductive assumption, w — do = 9 on some smaller polydisk, which means
that w = d(a + 3). O

Proof of the -Poincaré lemma for arbitrary n. Let U;, i € N, be a monotone
increasing sequence of polydisks such that | JU; = A and each U; is compact,
with U; C U;;1. As in the proof of lemma 1.6.6, we only need to consider p = 0.
Owing to that lemma, there exist §; € Q%9~1(A) such that 99; = w on U;.
We need to show that we can choose 6; in such a way that they converge to a
(0, g)-form 6 on A. We proceed by induction on g.

If ¢ = 1, then 6; are smooth functions on A with 9; = w on U;. If a €
C>=(A) satisfies 0o = w in U;1; (e.g. a = 6;41), then 9(0; — a) = 0 in Uy, so
0; — « is holomorphic on U; and hence has a power series expansion around 0.
We can truncate to obtain a (holomorphic) polynomial 8 with

1
sup [(0; —a) — B] < 5

Since (3 is a polynomial, it is holomorphic on C". Set 6,41 = a + 8 on U;41.
Then
0011 =0a=w in U;;; and sup |6, 1 — 6] < %
Ui—1
Therefore (6;);>1 is a Cauchy sequence on each U;_1, so that (6;) converges on
compact subsets. We obtain a 6 with 00 = w.

For ¢ > 2 we proceed similarly. Take a € Q%971(A) with da = w on U4
(e.g. @ = 0;41 ), so that 3(0; — a) = 0 on U;. Since §; — a € Z%971(A), the
inductive hypothesis implies that there exists a 1 € Q%972(A) with 9y = 0; —a
in Ui—l- Set 07;4_1 = CY+(§1/} Then 5914_1 = 50[ =win Ul and 0i+1 = 91 on Ui—1~
It follows that the 6; converge uniformly on compact sets. O

Using annuli and Laurent series expansions one can show similarly that
» *\k l
HEN((A*) x Ay =0 Vg>1,p>0,

where A* is the punctured disk in C. This is, however, false for A%\{pt}:

Ezample 1.6.7. We shall show that dim H''(C*\{0}) = oo. Observe that
C2\{0} is homotopy equivalent to S®, so this example shows that the Dolbeault
cohomology is no a topological invariant, unlike the de Rham cohomology®.
Let

Up={21#£0}=C"xC and Uy ={2#0} =CxC",

so that C2\{0} = U; UUy and U; N Uy = C* x C*. Let A1, Ay be a partition of
unity subordinate to {Uy,Us} and let f be a holomorphic function on U; N Us.
Then g1 = Ao f is a smooth function on Uy and g = — A1 f is a smooth function

6 Actually, already Remark 1.6.4 shows this.
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on Uy. On U; NU; we have f = g; — go, so that 9(g; — g2) = 0f = 0 and we
can define a (0, 1)-form on C?\{0} by

dg1

w=2<
992
Clearly 0w = 0. Suppose that w = Oh for some h € C°°(C*\{0}). Then
d(g1 —h) =0o0n Uy and 9(go — h) = 0 on U,. Hence (g1 — h) is holomorphic
on U; and (g2 — h) is holomorphic on Us. But then f = (A +Xo)f = g1 — g2 =

(g1 —h) — (g2 — h), which means that f = uj + ug, where u; is holomorphic on
Uy and us is holomorphic on Us. Consider the Laurent series of u; and us:

_ 1 i g _ 2 i g
uy = E Q21 % Uy = E Q521 2y,
§>0 i>0
i€Z JET

fg)\g on U1
—f5>\1 on UQ.

and observe that the sum u; +uz does not have any terms of the form z; ™z, "
with m,n > 0. Therefore the d-closed form w defined by f = 2z, "2,™ is not
D-exact”.

This example shows that usually there is no relation between the Dolbeaut
and the de Rham cohomology groups. Nor should there be: solving the equation
do = f3 is very different from solving da = 3. We shall see later a true miracle:
for projective manifolds these two cohomology theories are very closely related.

Further reading:

There is an important class of complex manifolds with trivial Dolbeault
cohomology: the so-called Stein manifolds. These are biholomorphic to
complex submanifolds of CV, and are, in a sense, an exact opposite of compact
complex manifolds: they have plenty of global holomorphic functions. You can
read up on the definition and basic properties of Stein manifolds (but not yet
on their Dolbeault cohomology) in §1.6 of Demailly’s book “Complex Analytic
and Differential Geometry”, freely available online at:

https:
//www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf

7A form is called d-exact if it belongs to Im J.
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Chapter 2

Vector bundles and sheaves

2.1 Complex and holomorphic vector bundles

Let M be a smooth manifold. A (smooth) complex vector bundle of rank k
on M consists of a family {E,}zen of k-dimensional complex vector spaces
parametrised by M, together with a C'*°-manifold structure on

such that
1) the projection 7: E — M, w(E,) = {z}, is C* and

2) each point zp € M has an open neighborhood U, such that there exists a
diffeomorphism
v T N U) = U x CF,

which maps the vector space F, isomorphically! onto {z} x C* for each
reU.

The map ¢y is called a trivialisation of E over U. The vector spaces F, are
called the fibres of E. A vector bundle of rank 1 is called a line bundle.

Ezamples 2.1.1. (i) The complexified tangent bundle of a smooth manifold;
(i) if M is almost complex, then THOM, TO1 M, AP4M | etc.

For any pair ¢y, ¢y of local trivialisations, we obtain a C'*°-map
quv unv — GL(/C,(C)

given by
gov (@) = (pv 0 oy") l{ayxcr-

Imeaning an isomorphism of vector spaces

27
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These transition functions satisfy
guv(z)gvu(z) =1
guv (x)gvw (z)gwu(z) = 1.

Conversely, given an open cover U = {U, }oer of M and C*°-maps
9ap : Us NUg — GL(K,C)

satisfying these identities, there exits a unique (up to an isomorphism) complex
vector bundle E 5 M with transition functions {gas}:

E = |_| Ug x CF/~,
reM
where

(a,z,v) ~ (B,y,w) <=z =y and v = gop(x)w.

Any operation on vector spaces induces an operation on vector bundles by
performing it a each point € M. Thus, given two vector bundles F and F' on
M, we can construct:

the dual bundle E*

direct sum of vector bundles £ @ F

tensor product F ® F

exterior powers \" E

The corresponding transition functions are easy to determine: if E and F have
ranks k and [, and transition functions {gng} and {heg}, respectively, then the
transition functions of E*, F ® F, E ® F are:

-1 o 0
((9a8)") (906 hgﬁ)eGL((Ck@(Cl), Gap @ has € GL(C* © C').

An important example is the determinant bundle det E = /\kE of E (k
rank E). It is a line bundle with transition functions det(gas)(z) € GL(1,C) ~
C*.

A subbundle F C E of a vector bundle is a smooth submanifold F' of E
such that 7=1(z) N F is a (complex) vector subspace for each x € M. This
means that there exists a family of local trivialisations of E, relative to which
the transition functions look as follows

gov (@) = (”Ug@ kw(m)) |

Juv(z)
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where hgy are the transition functions for F'. Observe that jyy are the transi-
tion functions of the quotient bundle E/F.

A homomorphism between vector bundles £ on M and F on N is given by a
C*-map f: £ — F such that f|g, maps E, linearly to F(,). Observe that we
could define Ker(f) and Im(f), but these will not in general be subbundles of E
or F| since the rank of f|g, may vary. In fact, it is better not to do this, since a
monomorphism between vector bundles can have a nonzero Ker(f) in this sense.

A vector bundle E on M is called trivial if E is isomorphic to the product
bundle M x CF.

Given a C®-map f : M — N and a vector bundle F 5 N, we define the
pullback bundle f*F on M by

[F={(z,w)e M x F| f(z) =n(w)}, ie (f"F)s=Ffu).

A section s of a vector bundle E 5 M is a C*®°-map s : M — E such that
s(z) € E, for all z € M (just like a vector field). The vector space of sections
is denoted by I'(E).

Observe that trivialising a rank k& bundle E over an open subset U C M
is equivalent to giving k sections si,..., Sk, which are linearly independent at
every point of U. Such a collection si,..., sy is called a frame for E over U.

Let now M be a complex manifold.

A holomorphic vector bundle E = M is a complex vector bundle with holo-
morphic transition functions. This implies in particular that E is a complex
manifold and 7 : E — M is holomorphic.

Examples 2.1.2. 1) The holomorphic tangent bundle TM (~ T*YM);

2) APOM for p > 1 (but not AP9M for ¢ # 0). The sections of AP°M are
holomorphic p-forms.

3) The line bundle A™°M, where n = dimc M, is called the canonical bundle
of M and is denoted by Kj. It’s dual Ki, = A"(TH0M) is called the
anti-canonical bundle.

4) The tautological line bundle over CP™ is a complex line bundle 7 : J — CP™,
with the fibre Jj,) over [z] € CP™ being the line (z) in C™*!. Recall the
standard atlas (U;, ¢;)i=o,...,m of CP™. The corresponding trivialisations of
J is:

P im H(Us) = Ui x € hy([2], w) = ([2], ws).
The transition functions are

viow (AN =0 (2 ) = (%)),

Zj Zj

so that g,;([z]) = z. Therefore .J is a holomorphic bundle.
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Remark 2.1.3. If E is a holomorphic vector bundle over a complex manifold, we
have to distinguish between its smooth sections and its holomorphic sections.
The space of smooth sections is denoted by I'(E); the space of holomorphic
sections by H°(M, E) - this notation will be explained somewhat later.

Proposition 2.1.4.
K(CP"" ~ (]’m’-"_l7

i.e. the canonical bundle of CP™ is isomorphic to the (m+ 1)-th (tensor) power
of the tautological bundle.

Proof. We consider the dual bundle H = J*, called the hyperplane bundle. The
fibre Hy) consists of linear maps (z) — C. Recall that

(C]P;m ~ C77z+1\{0}/c*

On C™*1\{0} we have the (holomorphic) vector fields 6%1-’ 1 =0,...,m, where
x; are coordinates on C™*1. If vy, ..., v, are linear functionals on C™*!, then

the vector field
m
3 02
i=0 "0

is C*-invariant, and so it defines a holomorphic vector field on CP™. It is easy
to see that these vector fields generate Ti,jCP™ at each [z]. Hence we get a
surjective map between vector bundles

HeCmt — TCP™ — 0.

The kernel corresponds to the radial vector field E = 3" 2;52- on CP™*" (this

is the vector field on C™*! tangent to orbits of C*, hence inducing 0 in TCP™).
Thus we have an exact? sequence

0—-C— HeC"" — TCP™ - 0,

where the C ~ CP™ x C denotes the trivial line bundle on CP™ (generated by
the vector field F). Now observe that for an exact sequence of vector spaces
0—=U—V — W — 0, of dimensions k,n,[ respectively, A"V ~ AFU @ A'W
(since V.~ U @ W). Applying this isomorphism pointwise, we obtain K¢pm =~
om+t, O

Example 2.1.5 ( CP'). The standard atlas of CP! ~ {[zq, x1]; 20,21 € C} con-
sists of Uy = {[z0,x1]; 0 # 0} and Uy = {[xo,x1]; 20 # 1}. The corresponding
coordinates are ¢ = x1/xg on Uy and ¢ = xo/x1 on Uy, so that (= 1/¢. The
transition function of the tautological bundle J from Uy to Uy is ¢. The (holo-
morphic) cotangent bundle T*P! is trivialised by sections d¢ on Uy and d¢ on
Uy. Since d{ = d(¢™') = —(72d(, the transition function for T*P! = Kcp

2A sequence 0 — U i) V45 W — 0 is called exact, if f is injective, g is surjective, and
Kerg =1Im f.
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from Uy to U; is —¢2. Changing the sign of the transition function gives an
isomorphic vector bundle, and hence K¢pr ~ J2.

CP!' is one of the very few projective manifolds on which vector bundles can
be classified®. The Birkhoff-Grothendieck theorem? says that any (holomorphic)
vector bundle E on P! splits into a direct sum of line bundles, i.e.

E~HM@...¢ H,

where H is the hyperplane bundle and r = rank E. Let us see how one may
prove this. The bundle E can be trivialised over Uy and U; (this is perhaps
not quite obvious yet, but let us assume it). The transition function is then
a holomorphic map Uy N Uy — GL(r,C). In terms of the affine coordinate ¢
introduced above it is a holomorphic map C* — GL(r, C). We expand this map
in Laurent series, so that the transition function is an r x r matrix g(¢, (1)
with entries given by Laurent series and nonvanishing determinant for ¢ # 0, co.
This determinant is the transition function for det E/, which is a line bundle,
and hence isomorphic to H™, for some n (this is also something to prove later).
On the other hand, the transition function of H** @ ... @ H*r is the diagonal
matrix diag(¢~*1,...,{7*"). Two vector bundles are isomorphic, if there exist
holomorphic changes of trivialisations go : Uy — GL(r,C), g1 : Uy — GL(r,C).
Therefore the statement of the Birkhoff-Grothendieck theorem is equivalent to
the following special case of Birkhoff’s factorisation:

An invertible matriz g(¢,( ™) with entries that are Laurent polynomials and
determinant equal to (™ for some n € Z can be factorised as

g1(¢7h) diag(¢™, ..., ¢7F) g0 (0),

where go (resp. g1) is holomorphic in ¢ (resp. in (~1) with constant determi-
nant, and kq, ..., k, € Z.

Thus the Birkhoff-Grothendieck theorem reduces to this purely algebraic
statement. See “further reading” below for references containing a proof of this.

Ezample 2.1.6 (Tautological bundle on a Grassmannian). Recall from §1.2 that
the Grassmannian Gry(C™) parametrises k-dimensional subspaces of C™. Just
as for CP™ (k = 1) we can define a complex vector bundle U, ,, over Gry(C™)
by attaching to each point the k-dimensional subspace which defines it. Again,
this is a holomorphic vector bundle. It is also a subbundle of the trivial bundle
C" and we obtain a short exact sequence of vector bundles on Gry(C™):

0— Uy — C" — Q. — 0.

Observe that the fibre of the quotient bundle Qy ,, at a [W] € Gry(C™) is the
quotient vector space C"/W. In particular, Q , has rank n — k.
Recall now the description of Gry(C™) as the homogenous manifold GL(n,C)/H,

3The others are elliptic curves, i.e. tori of the form C/A, where A is a lattice of full rank.
4Equivalent statements were actually proved much earlier by Kronecker and by Dedekind
and Weber.
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where H is the subgroup stabilising So = (e, ..., ex). H acts on Sy and Uy, ,, >~
(GL(m(C) X S’o)/H - just observe that the injection Uy ,, — C" is induced by
GL(n,C) x Sy > (g,v) + gv. Similarly Oy, ~ (GL(n,C) x (C"/Sy))/H. Now
consider the (holomorphic) tangent bundle of the Grassmannian. Recall that
TGL(n,C) ~ GL(n,C) x gl(n,C) and that the right translations by GL(n,C)
on TGL(n,C) corresponds to the adjoint action on gl(n,C). Denote by m the
subspace complementary to Lie(H) in gl(n,C), i.e.

010 ) 1

*x |0 tn—k
——
k n—k

Then T'Gry(C") ~ (GL(n,C) xm)/H. On the other hand m ~ S5 ® (C"/Sp)
(linear homomorphisms from Sy to C"/Sy). Taken together, this shows that

TGI‘k((Cn) ~ Z/[;m (9 ka.

Remark 2.1.7. Uy, is also called the universal bundle, since every complex
vector bundle of rank £ over a compact manifold M is the pullback of U, ,, with
respect to a smooth map f: M — Gri(C") for some n large enough.

Further reading:

i) For a proof of the Birkhoff-Grothendieck theorem see:
M. Hazewinkel and C.F. Martin, A short elementary proof of
Grothendieck’s theorem on algebraic vector bundles over the projective
line, Journal of Pure and Applied Algebra 25 (1982), 207—-211.
Note that this paper proves the factorisation mentioned in Example 2.1.5
only for Laurent polynomials, so for algebraic vector bundles. This is
equivalent to the classification of holomorphic vector bundles, due to a
fundamental result, called GAGA®, which states that on projective
manifolds “holomorphic”= “algebraic”.

ii) Birkhofl’s factorisation and its generalisations are a huge area by
themselves with close links to loop groups, Kac-Moody algebras,
integrable systems, operator theory, and more. For a very down to earth
approach, take a look at the book “Factorization of matrix functions and
singular integral operators” by K. Clancey and I. Gohberg (Springer
1981).

iii) For vector bundles on higher dimensional projective spaces, the book
“Vector bundles on complex projective spaces” by Okonek, Schneider,
and Spindler (Birkh&user 1980) is still a very valuable reference. It will
be, however, easier to read once we cover sheaves.

5J.-P. Serre, Géometrie algébrique et géometrie analytique, Annales Inst. Fourier 6 (1956),
1-42
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iv) Grassmannians are a special case of the so-called flag manifolds. A brief
introduction (with necessary references) may be found in §3.1 of “Lie
group actions in complex analysis” by D.N. Akhiezer (Vieweg 1995). It
does require a background in Lie theory, though.

Vector bundles on flag manifolds have many applications. One of the
most important is a geometric construction of finite-dimensional
representations of complex semisimple Lie groups; see chapter 4 of the
same book (again, if you are not familiar with sheaves, better wait a
week or so).

2.2 Pseudoholomorphic structures on complex
vector bundles

Let F be a complex vector bundle over an almost complex manifold M. For
every p,q we consider the vector bundle

AP9(E) = APIM @ E

and denote the space of its sections by QP9(E) - these are called E-valued
differential forms of type (p,q). If we choose a local trivialisation of F, i.e. a
local frame (e ..., eg), then o € QP9(E) can be written in this trivialisation as

k
0= (wla'“vwk) :Zwi®ei7
=1

where w; are local (p, ¢)-forms on M.
Suppose now that M is complex and FE is holomorphic. Let (e;) be a holo-
morphic frame. It turns out that the operator

d: OPYE) — QPItH(E)

(Wi, ... wy) — (Owr, ..., Owg)
is well defined, i.e. it does not depend on the trivialisation. Indeed, if (e}, ..., e})
k
is another holomorphic frame with e; = ) g;; e}, where the g;; are holomorphic,
j=1

then
k k k
i=1 j=1 \i=1

Hence in the new frame

k k k k
do =30 <Z gij‘”i) ¢ = D (gi0w) ®c; = (Owi)@e;.
j=1 1

i= i,j=1 =1
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Observe now that 0 satisfies 92 = 0 and the Leibniz rule
OwAho)=0wAo+ (=1 wAdo, weQ™5(M), o QPIE).

The existence of such a natural operator 9 on E-valued forms is a remarkable
property of holomorphic vector bundles. In fact, it characterises holomorphic
vector bundles among complex vector bundles, as we shall shortly see.

Definition 2.2.1. Let E be a complex vector bundle on a complex manifold M.

An operator -
9: OPY(E) — QPItI(E)

satisfying the Leibniz rule is called a pseudo-holomorphic structure on E. If, in
addition, 92 = 0, then 0 is called a holomorphic structureS. A section s of a

pseudo-holomorphic vector bundle (E, d) is called d-holomorphic if s = 0.

Remark 2.2.2. The Leibniz rule implies that 0 is determined by its action O :
I'(E) = Q%Y(E) on T'(E) = Q"°(E).

Theorem 2.2.3. A complex vector bundle E is holomorphic if and only if it
admits a holomorphic structure 0.

Proof. The idea is to use d to define an almost complex structure J on E, linear
on fibres, so that the projection £ 5 M is an almost complex map. Then we
shall show that 0% = 0 if and only if J is integrable.

Lemma 2.2.4. A pseudo-holomorphic vector bundle (E,d) of rank k is holo-
morphic if and only if every point of M has a neighbourhood with a 0-holomorphic
frame.

Remark 2.2.5. Compare with lemma 1.5.13.

Proof. If E is holomorphic, then d-holomorphic is the same as holomorphic in
the usual sense, so d-holomorphic frames exist. Conversely, suppose that O-
holomorphic frames exist and let e, e’ be two such frames on U,U’. On U N U’
we can write e} = ) g;;e; and then, using the Leibniz rule,

k k k

0= 56/1-: Z 591']'6]' + Zgijéej = Z 591-3-6]-.
j=1 j=1 j=1

Hence dg;; = 0, and therefore the g;; are holomorphic transition functions. [

Proof of Theorem 2.2.3. The ”only if” part has been already shown. Suppose
that E has a holomorphic structure 9. We need to show that there exists a 0-
holomorphic frame around each € M. Let (01, ...,0%) be an arbitrary smooth
local frame around z and define local (0, 1)-forms 7;; by

k
do; = E Tij & 0.
j=1

S0r a Dolbeault operator.
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The assumption 0% = 0 yields

k k
0=0i= On;@0;— Y TaAm;Q0;
Jj=1 gil=1
Hence
k
orij = Zm ATy Vi, j=1,...,k.
=1
5 k
We seek a 0-holomorphic frame (es, ..., eg). It can be written as e; = Y fij0;
=1

for some local functions f;;. Then

k k k k
0=0e; = ngij®aj+z fijgdj = Z <5f” + Zfilﬂj) ®oj, i=1,...,k.
=1 =1

j=1 =1
We can write this as an equation on matrices f = (fi;), 7 = (75):
of +f-7=0. (2.2.1)

This is the equation we need to solve for f.

We may suppose that we are on an open subset U of C™ with holomorphic
coordinates z, and E|y ~ U X CF = Y with coordinates w1, ..., wy, on CF.
Consider the subbundle T' of A'Y ® C (the complexified cotangent bundle)
generated by 1-forms

k
{dza,dwi - E Tilwl}l<a<m'
=1 1<i<k

Let T’ be defined the same way, but with everything conjugated. Then A'Y ®
C~Te&T, and setting J =i on T, J = —i on T’, defines an almost complex
structure on Y such that AY = T. We claim that this almost complex
structure is integrable. Owing to Proposition 1.5.4 this is equivalent to

dY c *P e Qb ie d(I(T)) CT (T AQLY)).
Clearly d(dzs) = 0 and

k
d <dwl — ZTilwl>
=1

k

(gTil)wl + Z i N dwy;
1 =1

E

k
— Z(am)wl —
=1

k
= — Z(am)wl —

~

k

(7'1'S /\Tsl)’wl + ZT” A dw;
1 =1

k
(Orq)wy + Z Tis N (dwS — ZTslwl> .
=1

1 s=1

Il
N
w
e “‘TMPT

M=

~
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The terms in the second sum clearly belong to I' (T A Q%:(Y)) The terms in
the first sum, (O7;)w;, are forms of type (1,1) on U, and hence also belong
to I' (T AQL(Y)), since dzq € I'(T). Therefore the almost complex structure
is integrable, and we have local complex coordinates z,,u;, « = 1,...,n, i =
1,...,k, in some neighbourhood of (x,0) in U x C¥. In particular du; € I'(T),

i.e.
k k n
du; = ZFij (dw] — ZT]‘S’LUS> + Z Giadzg
7j=1 s=1 a=1

for some smooth functions Fj;, G;,. Taking the exterior derivative of both sides
gives

k k k n
0= Zde/\ (dw] - ZTjsws> + Z Fij (—desws + Tjs A dws)+z dGia/\dZa.
j=1 s=1

j,s=1 a=1
If we now set wy, ..., wr = 0, then
k k n
0= ZdFlJ(Z,()) N dwj + Z Fij(Z,O) ZTjS A dws + Z dGi’a<Z, 0) Ndzy =
j=1 j=1 s=1 a=1

I
'M”

k n
(dFij(Za 0) + Z Fil(z, O)le> A dwj + Z dGia(z, 0) A dzg.
1 =1 a=1

J

Consider the part of this expression which lies in A%(U) @ AL0(CF); it is:

k k
Z (81’7”(2, 0) + ZFil(z>O>le> A dwj

j=1 =1

which means that

k
OF;;(z,0) + ZFil(Z,O)le =0 Vi,j.
=1

Therefore f;;(z) = Fi;(#,0) is a solution of (2.2.1). O

Ezample 2.2.6 (Holomorphic structures on the trivial line bundle over an elliptic
curve). Let M be a compact 1-dimensional complex manifold diffeomorphic to
the 2-dimensional torus S* x S'. Such a complex manifold is called an elliptic
curve and arises as the quotient C/A by a lattice A = {mw; + nwe; m,n € Z},
where w1,ws are independent over R. Consider the trivial complex line bundle
E = M x C over M. We want to consider possible holomorphic structures 0 on
E. As observed in Remark 2.2.2, we only have to define d : I'(E) — Q%!(E).
Since I'(E) ~ C*° (M), its elements are A-periodic smooth functions on C. On
C, a pseudoholomorphic structure is given simply by df + B(z, Z) fdz, where 0 is
the usual Dolbeault operator on C (i.e. df = %di), and B is a smooth function.
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Since this is supposed to define a pseudoholomorphic structure on M, B must
be A-periodic. Since dim M = 1, the condition 9% = 0 is trivially satisfied, and
therefore any such B defines a holomorphic structure on £ ~ M x C via:

dpf = 0f + Bfdz.

The question is when two such holomorphic structures are isomorphic, i.e. when
are the corresponding holomorphic line bundles L(B) isomorphic? Observe that
Ly ~ Ly is equivalent to L; ® L5 ~ Oy, where Oy denotes the trivial holo-
morphic line bundle on M. In addition, if Ly = L(B;), Ly = L(Bz), then
L, ® Ly = L(B; — By). So we only need determine B such that L(B) is
holomorphically trivial. This is equivalent to L(B) having a global holomor-
phic section which does not vanish anywhere (i.e. a global holomorphic frame).
Therefore we want to determine all B such that there exists a A-periodic and
nonvanishing smooth function f on C, which satisfies 0f + Bfdz = 0.

First of all, I claim that if B(0) = 0, then such an f exists. Indeed, using
Fourier series, we can then find a A-periodic function F' such that %—g = B(z, 2).
The function f = e~ is then nonvanishing and dz-holomorphic, and, hence,

Therefore we only need to consider the case B = const. The general solution
to the equation 0f + Bfdz = 0 is then:

f(z.2) = e Pg(2),
where g is holomorphic. Since f is A-periodic, g satisfies
g(z + mwy + nwg) = BIMEENE2) gy € 7,

Moreover g is never zero, and hence, owing to the Weierstrafl factorisation the-
orem, g(z) = ™) for an entire function h(z), which satisfies

h(z + mwy + nws) = h(z) + B(mw; + nwy) mod 2miZ, Ym,n € Z.

We may assume that h(0) =0 (i.e. f(0) = 1). Then h(z)/z is an entire function
with bounded real part, hence constant. Therefore h(z) = —Az, A € C, and

m(Awy + Bwy) + n(Aws + Bws) € 2miZ, Ym,n € Z,

which means that Aw; + Bw; € 2miZ and Awy + Bws € 27miZ. Solving this
linear system finally gives

B = QWi(wlwg — Dlwg)fl(kwl + ZWQ),

for some k,l € Z. Thus we have shown that holomorphic line bundles on M,
which are topologically trivial, are parametrised by C/pA, where p = 27i(w1wy—
Wiwe) L. Since rescaling the lattice corresponds to rescaling the coordinate z,
C/pA ~ C/A, i.e. these line bundles are parametrised by M itself.



38 CHAPTER 2. VECTOR BUNDLES AND SHEAVES

Remark 2.2.7. Let E be a holomorphic vector bundle over a complex manifold
M, and let 0 : QP¢(E) — QP9+1(E) be the corresponding holomorphic struc-
ture. Since 92 = 0, we can define Dolbeault cohomology groups H g’q(M , E) of
E in the usual way, i.e. as Kerd/Imd. Observe that if F is a trivial bundle of
rank k, then H5“(M, E) ~ H5(M) @ C*. Observe also that Hg’O(M7 E) is the
vector space of global holomorphic E-valued p-forms; in particular, Hg’O(M ,E)
is the vector space of holomorphic sections of E. Next week we shall see a
different approach to these cohomology groups.

Further reading:

Elliptic curves is a huge area and the literature is vast. My favourite
introduction to the subject is: H. McKean and V. Moll, “Elliptic Curves:
Function Theory, Geometry, Arithmetic” (CUP 1999).

2.3 Sheaves

Sheaf theory is an extremely useful technique for keeping track of local data
and for passing (or identifying obstructions to passing) from local to global. It
may seem somewhat abstract at the beginning, but it is, in fact, very natural.
You actually know several sheaves and even use them: whenever you make an
argument using an open neighborhood and continuous/differentiable/smooth
maps on it, you are basically using an appropriate sheaf. The point of the
theory is to extract the properties common to all such situations.

Let X be a topological space.

Definition 2.3.1. A presheaf F of (abelian) groups (resp. sets, rings, vector
spaces etc.) consists of a group (resp. a set, ring, vector space etc.) F(U) for
every open subset U C X, together with restriction homomorphisms

ruy : F(U) = F(V)
for every inclusion of open sets V' C U, which satisfy:
(1) ryy is the identity on F(U);
(2) rvw oryy =ryw forany W CV C U.

A basic example of a presheaf is the presheaf of continuous functions, i.e.
F(U) = {continuous functions on U}. Similarly, we have the presheaf of bounded
continuous functions, and if X has aditional structure, e.g. smooth or holomor-
phic, we have presheaves of smooth or holomorphic functions. The restriction
maps are exactly what the name says: they are restrictions of functions to a
smaller subset. Observe that all of these are presheaves of (commutative) alge-
bras.

Similarly, if F is a (topological) vector bundle on X, we have the presheaf of
continuous sections of E. Because of the fundamental nature of this example,
elements of F(U), for an arbitrary presheaf F, are called sections over U. We
shall write s|y for ryv (s).
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Definition 2.3.2. A presheaf F is a sheaf if for every open set U and an open
cover {U; }ier of U the following two conditions hold:

(i) if s,t € F(U) and s|y, = t|y, Vi € I, then s =t;

(ii) if s, € F(Us), i € I, satisfy si|v,nv; = sj|v,nv, whenever U;NU; # (), then
there exists an s € F(U) such that s|y, = s; for all ¢ € I.

The first property says that a section is determined by its restrictions to
arbitrarily small open subsets (locality). The second property means that we can
glue local sections into a global one, as long as the obvious necessary condition
is satisfied.

Ezamples 2.3.3. 1) The presheaf of continuous functions is a sheaf, denoted by
CY (i.e. to each open U we attach C°(U)). Similarly, on a smooth manifolds,
we have sheaves C*, k € N, and C* of continuously differentiable or smooth
functions. Observe that the presheaf of bounded continuous functions is not
necessarily a sheaf: the gluing property will fail, unless X is compact.

2) Sheaves of locally constant Z-, R-, or C-valued functions.
3) Sheaf QP of smooth p-forms on a smooth manifold.
4) Sheaf T'(E) of smooth sections of a (real or complex) vector bundle on a

manifold X.

Our main object of interest will be sheaves specific to complex manifolds:

O = sheaf of holomorphic functions
O* = sheaf of nowhere vanishing holomorphic functions
OP% = sheaf of forms of type (p, q)

HP0 = sheaf of holomorphic p-forms

Observe that O is a sheaf of algebras, but O* is only a sheaf of abelian groups
(with respect to product of functions).

Morphism, kernels, cokernels, etc.

From now on we shall assume that our sheaves are always sheaves of (at least)
abelian groups. This includes sheaves of vector spaces, commutative rings, etc.

Definition 2.3.4. A morphism « : F — G between (pre-) sheaves on X consists
of homomorphisms ay : F(U) — G(U) for all open subsets U C X such that
the following diagram commutes for all open inclusions V CU:

FU) 2% g(U)
Lrov lrov
FV) 25 g(V)
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Definition 2.3.5. The kernel of the morphism « : F — G is the sheaf Ker(«)
given by
Ker(a)(U) = Ker(ay : F(U) = G(U)).

It is easy to check that this assignment does, in fact, define a sheaf. The
cokernel is harder. If we set, similarly,

Coker(a)(U) = G(U)/ay (F(U))

then we obtain a presheaf, but, as the following example shows, not necessarily
a sheaf.

Ezample 2.3.6. Let X = C\{0} and consider the morphism of sheaves exp :
O — O, defined by O(U) > f +— €2™/ € O*(U). The function z € O*(C\{0})
is not in the image of exp, since one cannot define the logarithm on C\{0}, but
its restriction to any contractible open set U C C\{0} is in the image of O(U).
Therefore z defines a nonzero element of Coker(exp)(C\{0}), but its restriction
to every contractible U is 0 in Coker(exp)(U), which contradicts property (i) of
the definition of a sheaf.

Instead, we define an element of Coker(a)(U) to be a collection {(U;, s;)},
where {U;} is an open cover of U and s; € G(U;), such that

silv,nu, — sjlvinu, € Im(ay,nu,) whenever U; NU; # 0.

We identify {(U;, s;)} and {(U], s})} if for any p € U; N U} there exists an open
set V with p € V. C U; N U; such that

5i|V - S;-|V € Im(av).

Observe that with this definition, z in the above example is equal to 0 in
Coker(exp)(C\{0}). We have made z satisfy condition (i) by localising it.

Remark 2.3.7. There is an analogous general procedure, called sheafification
which turns any presheaf into a sheaf. Essentialy, it throws away sections which
do not satisfy (i) and it adds sections which are missing in (ii).

Definition 2.3.8. A (short) sequence of sheaf morphisms

0se-5%F g0

is exact if £ = Ker(f) and G = Coker(a).

We say then that £ is a subsheaf of F and G is the quotient sheaf of F by
&, denoted G = F/E. Observe that, given the definition of the cokernel sheaf,
the condition G = Coker(«) means that for any section s € G(U) and p € U,
there exists an open neighbourhood V' C U of p and a t € F(V) such that
By (t) = s|v. In other words, any section of G is locally the image of a section
of F.
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Ezxample 2.3.9. On any complex manifold, the sequence
05250280 50

is exact (here j is the inclusion and exp(f) = €2™*f). The meaning of exact-
ness is: ”“given a nonvanishing holomorphic function, we can locally take its
logarithm”. This sequence is called the exponential sheaf sequence.

More generally, we say that a (long) sequence of sheaf morphisms

Qn 41

an
o= Fn = Fag1 — Fpgo2 — ...

is exact if @41 0 @, = 0 and

0 — Ker(ay,) LN y RN Ker(an4+1) — 0

is exact for every n.

Ezample 2.3.10. 1) On any smooth manifold we have a sequence
0—R-—Cc*-5Lo L0

of sheaves (real-valued functions and forms). It is exact. Indeed, d> = 0 and
at every stage

0 — Ker(d,) — Q" n, Ker(dp4+1) = 0

is exact, since the Poincaré lemma means that locally any form in Ker(d,,+1)
is in Im(d,,).

2) Similarly, on a complex manifold, the d-Poincaré lemma implies that the
sequence . . )
0 — PO Ly r0 2y gpt O gp2 0,

is exact, where HP? denotes the sheaf of holomorphic p-forms.

Vector bundles and locally free sheaves

Let M be a smooth or complex manifold, and denote by S its structure sheaf,
i.e. the sheaf C*° of smooth functions or the sheaf O of holomorphic functions.
It is a sheaf of algebras. Let E be a vector bundle over M (in the respective
category), and denote by & its sheaf of sections (respectively smooth or holo-
morphic). Then, for every open set U, £(U) is a module over S(U) (sections
can be multiplied by functions). Moreover, if U is small enough so that F|y can
be trivialised, then £(U) ~ S(U)®* (k = rank E): any section can be written
as Y fie;, where (e;) is a local frame for E. In other words the module £(U) is
free. One says that the sheaf of modules” £(U) is locally free.

TA sheaf M is a sheaf of modules if M(U) is a module over S(U) for every open U, and
the restriction maps ryy for S and M are compatible, i.e. ryy (fm) = ryv (f) rov (m).
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Conversely, suppose that M is connected and that we are given a locally free
sheaf of modules £(U) on M. This means that we have an open cover (Uy,) of M
and isomorphisms g, : £(U,) =~ S(U,)®*. For any «, 8 such that U, N Ug # 0,
we obtain (after restricting) an isomorphism

9ap = ga 09" : S(Ua NUp)T* — S(U, NU)Z*.

This is nothing else than an invertible matrix of smooth or holomorphic func-
tions on U, NUg. These maps g, satisfy the compatibility conditions described
at the beginning of §2.1 (p.27) and therefore define a vector bundle E on M.

It should be clear that these two constructions are inverse to each other (up
to isomorphisms) and, consequently:

vector bundles = locally free sheaves of modules.

Ezxample 2.3.11. Let M be a manifold and D a submanifold. Any vector bundle
E on D can be extended, as a sheaf, to M, by setting g‘(U) = E(UnND)if
UND #0, and E(U) = 0 otherwise (with obvious restriction maps). This is a
sheaf of modules on M which is not locally free.

Remark 2.3.12. The above equivalence between vector bundles and locally free
sheaves is an equivalence of categories, so it is also an equivalence between
morphisms. Be careful, however, about the meaning of an injective morphism
under this equivalence. For example, consider the map x from the trivial line
bundle M x C to itself, given by (m, z) — (m, h(m)z), where h is a holomorphic
function vanishing on D & M. This is of course not injective on fibres over
points of D, but it is a monomorphism in the category of vector bundles, i.e.
if g1,92 : E — M x C are two vector bundle morphisms from a vector bundle
m: F — X such that fo gy, = fogo, then g1 = go. Observe that y is clearly
injective as a morphism of corresponding locally free sheaves (the product of a
nonzero local section and a nonzero holomorphic function is nonzero).

Observe also that the cokernel of this monomorphism y is the sheaf 6D,
as introduced in the previous example, where Op is the trivial bundle D x C
(assuming that D is a submanifold). Thus we see that the category of vector
bundles (a.k.a. locally free sheaves) does not admit cokernels (nor kernels). In
order to have those, one needs to enlarge the category to include the so-called
coherent sheaves. These are those sheaves of O-modules which arise locally as
cokernels of morphisms between free sheaves.

Further reading:

Books devoted to sheaf theory tend to be very technical. It is better to read
about sheaves in books on algebraic or complex analytic geometry. I
recommend R. Wells’ book from the literature list, or R. Vakil’s online notes,
available at
http://math.stanford.edu/~vakil/216blog/FOAGnov1817public.pdf

If you are still sheaf-thirsty after that, then “Lectures on Algebraic Geometry
I” by G. Harder (Springer 2011) is rather good.


http://math.stanford.edu/~vakil/216blog/FOAGnov1817public.pdf
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2.4 Cech cohomology

In general, a cohomology theory identifies certain obstructions. The Cech coho-
mology identifies obstructions to patching local sections of a sheaf into a global

one®.

Let X be a topological space and F a sheaf (always of abelian groups) on
X. Let U = {Uq}aca be an open cover of X. We write

Uso.opy = Uag N+ N U,

and define
', F) =[] FUa)
acA
C'u,F)= [] FUas)
aF#BEA
C*U,F) = II  FUaara):

aoar i FapEA

An element s = (s;) € CP(U, F) is called a p-cochain. We define the coboundary

map
§:CP(U,F) — CPT U, F)

by
p+1

(65)040“-Otp+1 = Z(il)jsao-udgwnap |Ua0...ap+1 .
j=0

In particular if s = {sy} € C°(U, F), then
(0s)uv = (sv)lvnv — (sv)lunv
and if s = (syy) € CY(U, F), then
(6s)uvw = (suv)|lunvow — (suw)lvavew + (svw)luavow.

Lemma 2.4.1. The composition § o 6 : CP(U,F) — CPY2(U, F) is the zero
map.

Proof.

do 6(5)(10-..(1p+2 = Z (71)3-71(71)1- + (71)1.(71)]' Sag...dj...dj..apyr2 — 0

(2]

i deleted first 7 deleted first

=0
O

8This is a cop-out: already the first cohomology group does this. It is unclear to me what
the geometric intuition behind higher Cech cohomology groups is.




44 CHAPTER 2. VECTOR BUNDLES AND SHEAVES

A p-cochain s € CP(U, F) is called a cocycle if §s = 0, and a coboundary if
s = ot for some t € CP~H(U, F). We set

ZPU,F)

Z°(U,F) = Ker(§) c CP(U,F) and HPU,F)= SO U F)

Thus H?(U, F) is the p-th cohomology group of the complex
0— C'WU, F) -5 ', F) -5 2, F) S (2.4.1)

and it depends on the choice of an open cover U.

Ezample 2.4.2. Let X = P! and F = 0. We have the open cover Uy = {[20, 21] |
z0 # 0}, Uy = {[20, 21] | 21 # 0}. Both are isomorphic to C and the intersection
is C*. The map

§: WU, F)=0U)a0V) = C'U,F)y=0UnV)
() =) -9 (1)

z
We can expand f as a power series in z, g as a power series in %7 and hence
0(f,9) =0<= f =g = const.

Therefore H(U,O) = C. Now observe that the image of § consists of all
holomorphic functions on C*: take a Laurent series expansion and set

f(2z) = nonnegative powers of z

1
—g <> = negative powers of z.
z

Hence H'(U,0) = 0 (and, of course, that is all, since the complex (2.4.1)
terminates at p = 1).

Now recall that, given two covers U = {Uqn}aca and U' = {Uj}gep of X,
we say that U’ is a refinement of U if for every 8 € B there exists a € A such
that U é C U,. We write then U’ < U. For each 3 choose o as above and denote
it by ¢(8); this defines a function ¢ : B — A. We then obtain a map

Py Cp(u,f) — Cp(u/7f)7 pw(s)ﬁguﬂp = S@(ﬁo)---sﬁ(ﬁp)|Ué0_,_3P‘ (242)
This commutes with §, and therefore induces a map on cohomology
PuUU’ = Py - f{p(u,f) — Hp(ul,]:).

One can check that this does not depend on the choice of ¢ (the maps pg and
py for two such choices are chain-homotopic and therefore induce the same map
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on cohomology). We define the p-th Cech cohomology of F on X as the direct
limit? of the HP (U, F) as U becomes finer and finer:

HP(X, F) = lim H? (U, F).
u

This definition is clearly impossible to work with in practice. We need a simple
sufficient condition on a cover U so that

HU,F)=H(X,F).

In other words the direct limit stabilises at &/, and further refinements do not
change anything. Such a condition is provided by

Theorem 2.4.3 (Leray’s Theorem). If a cover U is acyclic for a sheaf F in
the sense that

Hp(Uil ﬂ"'ﬂUiq,}—) =0 Vp>0 Viy,... i
then H*(U,F) = H* (X, F).
Such a cover is also called a Leray cover. We shall not prove Leray’s theorem

in full generality, only in those cases where it will be used.

Remark 2.4.4. Observe, directly from the definition, that H°(X, F) = H*(U, F) =
F(X) for any open cover U, i.e. the O-th Cech cohomology group is the space
of global sections of F. This justifies our notation H°(M, E) for the space of
holomorphic sections of a holomorphic vector bundle.

Remark 2.4.5. The correct definition of sheaf cohomology uses homological alge-
bra and is very difficult to use in computations. Fortunately, Cech cohomology
is isomorphic to sheaf cohomology for paracompact'® spaces.

We shall now introduce the main computational tool in cohomology: the
long exact sequence. Let f : F — G be a morphism of sheaves. This induces a
map CP(U,F) — CP(U,G) for any open cover U, which commutes with ¢, and
therefore induces a map on cohomology

fot H (X, F) — H?(X,G) Vp.
A fundamental property of sheaf cohomology is:

Theorem 2.4.6. Suppose that

0L rLg-o0

9The direct limit is defined as the quotient of the direct sum over all open covers by an
equivalence relation, where x € H? (U1, F) and y € HP Uz, F) are equivalent, if there exists a
common refinement U’ such that py, 4 (%) = pryur (y)-

107.e. a HausdorfF topological space such that any open cover admits a locally finite refine-
ment.
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18 a short exact sequence of sheaves on a paracompact space X. Then there exist

natural maps 5 5
5 HP(X,G) — HPTH(X,E)

such that the following long sequence on cohomology is exact:
e HPNX, Q) S BP(X,6) L BP(X,F) s BP(X,G) s

Proof. The idea behind long exact cohomology sequences is always the same
and it involves “diagram chasing” or the “zig-zag lemma” (recall the proof of
exactness of the Mayer-Vietoris sequence in the de Rham cohomology), provided
we are dealing with a short exact sequence of chain complexes of abelian groups.
Here the problem is that the exactness of a short sequence of sheaves does not
imply exactness of

0= &) L Fuy L 6U) =0

for an open subset U (recall Example 2.3.6). We need to adapt the arguments
to this situation.

We begin by constructing 6*. Suppose that s € H”(X, G) is represented by
a cocycle s € CP(U,G). We may assume that U = {U;};cs is locally finite. We
can then find a cover V = {V;};e; such that V; C U; for all j € J. For every
x € X we choose an open neighbourhood W, so that the following conditions
are satisfied:

(i) if z € Uj,..j,, then there exists a section t € F(W,) such that g(t) =
Sjo...p [ Wi

(ii) if 2 € Uj (resp. z € Vj), then W, C U; (resp. W, C V});
(iii) if W, N'V; # 0, then W, C U;.

Existence of a W, satisfying (i) follows from the definition of the cokernel of
a sheaf morphism. We can then ensure (ii) and (iii) for = in some Uj,.. ;, by
making W, smaller (since U is locally finite, 2 belongs to only finitely many
Ujy...j,)- For @ which do not belong to any Uy, .. ;,, we only need to ensure (ii)
and (iii) which is easy to do.

The family W = {W, },cx is an open cover of X, and for every x we can
find a ¢(x) € J such that W, C V;. We consider p,(s) € C?(W,G), where
py is the map defined in (2.4.2). I claim that there exists ¢ € C?(W, F) such
that p,(s) = g(t). Consider Wy, N---N W, . If it is empty, there is nothing
to show. If not, then W, N W,, # 0 for i = 1,...,p, and since Wy, C V(a,),
condition (iii) above implies that W, C U, (s,) for i = 1,...,p. Therefore z €
Up(zo)...0(z,)- Property (i) guarantees that there exists a section t € F(W,)
such that g(t) = s,(z0)...0(z,) ON Wa,, and therefore also on Wy, N--- N W, .

We have shown that there exists a refinement W < U such that p,(s) = g(t)
for some t € C?(W, F). But then

g(t) = dg(t) = 0py(s) = py(ds) = 0.
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Exactness in the middle of the short exact sequence implies now that there is a
u € CPTL (W, €) such that f(u) = dt. Then

f(6u) = 6(f(u)) = 6°t = 0.

Since f is injective, du = 0 and we can define §*(s) = [u] € HPTY(W, ). Passing
to direct limits defines 6*(s) € HPT(X, €).
The proof of exactness of the long sequence follows now the usual lines (as

for the Mayer-Vietoris sequence), as long as we use the existence of a refinement
W < U as above. O

The following corollary is useful:

Corollary 2.4.7. Let 0 - & — F — G — 0 be a short exact sequence of

sheav(gs on a topological space X. If U C X is a paracompact open subset such
that HY(U,E) = 0, then 0 — EU) — F(U) — G(U) — 0 is a short ezact
sequence of abelian groups.

Proof. Apply the above theorem to X = U and use the fact that H°(U, &) =
E(U) etc. O

In general, the following types of sheaves are of interest on a manifold:

1) locally constant sheaves Z,R,C. These carry topological information. We
shall see shortly that if M is a smooth manifold, then

H*(M,R) = Hjr(M).

2) C*°-sheaves such as the sheaf of smooth functions, QP, or 27 on an almost
complex manifold. Their local sections can be expressed locally as n-tuples
of C*°-functions. Their cohomology is trivial (see below).

3) holomorphic sheaves such as O, HP* (holomorphic p-forms), sheaf of holo-
morphic sections of a vector bundle. For these, the Cech cohomology carries
a lot of information.

Let us prove the statement made in 2).

Proposition 2.4.8. Let M be an almost complex manifold. Then

H™(M, QP9 =0 Vr > 0.

Proof. Let U = (Uy)aca be a locally finite cover with a subordinate partition
of unity (Ao)aca. For an s € Z"(U,QP9) define t € O~ 1(U, QP+9) by

taomarfl = Z )\,Bsﬂao...arfy
BeEA
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This is well-defined: although sga,...a,_, is defined only on UgNUy,N- - -NUq,._,,

we can extend Agsgay..a. 1 10 Uag..an_, DY zero, since supp(Ag) C Us.

One checks then that §t = s. E.g. for r = 1, we have s = (syy) and ds = 0

means that syy — syw +syw =0on UNV NW. Then ty = E)\VSVU and
%

(t)yy =ty —ty = Z Awswu — Z)\WSWV = Z/\WSUV o, SUV-
w W w
The argument for higher r is completely analogous, if notationally more com-
plicated. U

Remark 2.4.9. Sheaves admitting partitions of unity are called fine, and the
same argument shows that their higher cohomology groups vanish.

Theorem 2.4.10 (Dolbeault theorem). Let M be a complex manifold, and HP°
the sheaf of holomorphic p-forms on M. Then

HY(M,HP°) = HE(M) Vq.

Proof. As observed in the previous section, the J-Poincaré lemma implies that
the sequences

2] 2]
0— HPO S0r0 2 Z0t 0,

0 g}
0— ZB7 S5qra 2 ZPath
are exact for all g. The associated long exact sequences are:

s H(0) s (22 s ey & e o) —

s APy s (zmatty 2 (g0 D i) —
Since H"(QP9) =0 Vr > 0, we obtain
H" (HPO) ~ ﬁ“l(zgvl) ~ H™%( g )~
~ H'(ZP" ) ~ H(Z27) /0. ( (Q’”” ) = HE"(M),

where the last equality follows from the fact that H° is the space of global
sections of the given sheaf. O

Remark 2.4.11. The same argument applied to the first exact sequence in Ex-
ample 2.3.10 proves the de Rham theorem: H*(M,R) = H} (M) on any smooth
manifold.
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In Remark 2.2.7 we introduced Dolbeault cohomology groups Hg’q(M7 E) of
a holomorphic vector bundle. These have the following sheaf-theoretic interpre-
tation:

Proposition 2.4.12. Let 7 : E — M be a holomorphic vector bundle on a
complex manifold, and denote by HP°(E) the sheaf of E-valued holomorphic
p-forms on M. Then:

HEY (M, E) = HY(M,H"°(E)) Vq.
Proof. Identical to the proof of Dolbeault’s theorem. O

As an application of Dolbeault’s theorem we shall prove the Leray theorem
for the sheaf O of holomorphic functions:

Proposition 2.4.13. If {U,} is a locally finite cover, which is acyclic for O,
then

HP(U,0) ~ H?(M,0) Vp.
Proof. From the Dolbeault theorem:
Hy (Ua, N+ NUq,) = H (Ua, N+ NUq,,0) =0.
This means that that we have a short exact sequence

rT— j r— 5 \T
0= 29" (Uny...0.) = " Uny..0) = 25" (Uay..ar,) = 0.

Since, by assumption, this is true for all multi-intersections, the definition of a
sheaf implies that the exactness holds at the level of cochains:

0= CU, 23" ) — C°(U, Q1) — C*U, Z5") — 0.

In the associated long exact cohomology sequence the middle terms vanish for
all s > 0, by a partition of unity argument. Therefore

H U, Zy") ~ HVN U, Z3"™Y) W > 0,5 > 0.
It follows:

H(U,0) ~ H 7' U, Z9") ~ HP 72U, Z3%) ~ -+~ H' (U, Zg77 1)
~ HOU, Z5") /O(HO U, Q"7 1)) = Hy? (M) = HP(M, 0),

where the last equality is again due to Dolbeault’s theorem. O

Remark 2.4.14. The same argument works for the sheaves HP? of holomorphic
p-forms and the sheaves H?°(E) of holomorphic E-valued p-forms.
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Further reading:

At the end of §1.6 I mentioned the so-called Stein manifolds, as an example of
a class of manifolds with trivial Dolbeault cohomology. This follows from a
deep theorem, Cartan’s theorem B, which states that on a Stein manifold (and
even on a Stein space) HP(M,F) = 0 for every coherent sheaf F and all p > 0.
The proof of this is really very complicated, see H. Grauert and R. Remmert,
“Theory of Stein spaces” (Springer 1979).

It is perhaps of interest that the following natural question appears not to
have been answered yet (at least I could not find an answer): does the
vanishing of HY'*(M) for all p > 0 and ¢ > 0 imply that M is Stein?



Chapter 3

Connections, curvature,
metrics

3.1 Connections and their curvature

Let m: E— M be a complex vector bundle on a smooth manifold M. Sections
of E form a vector space and can, in many ways, be viewed as a generalisation
of smooth functions (which are sections of the trivial bundle M x C). There
is, however, an important difference: there is no canonical way to differentiate
sections, i.e. no linear operator I'(E) — I'(E) which behaves locally like a first
order differential operator. We have to introduce such an operator per hand:

Definition 3.1.1. A connection on a complex vector bundle E = M (over a
smooth manifold M) is a linear map

D:T(E)— QY(E)
which satisfies the Leibniz rule
D(fs)=df ® s+ fDs VY feC®M), Vse'(E).

Observe that for each tangent vector v € T, M we obtain an operator D, :
I'(E) = E,, Dy(s) = (Ds)(v) (evaluation of a 1-form on a tangent vector),
which should be viewed as analogous to directional derivative.

If we choose a local frame e = (eq, ..., ex) for E over U, then we can write

k
De; = Zﬁij‘ X e;
=1

for a matrix ¥, = [U;;] of 1-forms, called the connection matriz (with respect to
k

the frame e). The data e and . determine D: for a general section s = Y fie;
i=1

o1
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we obtain
k k k k
Ds = Z df; @ e; + Z fiDe; = Z (dfj + Z fﬂ?l‘j) R e;.
i=1 i=1 j=1 i=1

If e/ = (e},...,¢€}) is another local frame with €’(z) = g(z)e(z), for a transition
function z — ¢(z) € GL(k,C), then

k k k k k
De; =D Zgijej = ngij ®e;+ ZgijDej = Z dgij Re;+ Z gikﬁkj X ej
Jj=1 Jj=1 j=1 j=1 G, k=1
k k
= Z (dgij + guvij) @ ej = Z (dgij + guvij) @ (g_l)js €
FRE Jils=1

In other words, the transformation law for the connection matrix is:

Ve = gleg™ +dgg™.

Remark 3.1.2. A connection on a vector bundle £ = M induces a connection on
any vector bundle which can be obtained from F by linear operations, e.g. E*,
APE, Hom(E, E), etc. Similarly, given connections on vector bundles E; — M

and By —2 M, we obtain a canonical connection on F1 @& F5, E1 ® Fs, etc. 1
shall leave the details as an exercise (Homework 6).

Remark 3.1.3. Every vector bundle admits a connection by a partition of unity
argument - see Proposition 3.2.5 below. The space of connections on F is acted
upon by the gauge group, i.e. automorphisms of F which preserve fibres. If
g is such an automorphism, then the action is defined by D — D9, where
D9(s) = gD(g™"s).

Curvature

We can extend any connection to act on QP(FE), p > 1, by imposing the Leibniz
rule

Dw®s)=dw®s+ (-1)’wADs, YweQ?(M), Vse'(E).
In particular we can consider the operator
D?*=DoD:T(E)— Q*E).
Unlike D, D? is linear over functions:
Proposition 3.1.4. D? is linear over C>(M), i.e.

D?(fs) = fD*(s) VfeC®(M), VsecT(E).
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Proof.

D?*(fs) = D(df ® s + fDs) = —df A Ds +df A Ds+fD?%s = fD?s.

=0

O

This means that the value D?(s)(x) at a point z € M depends only on s(z),
and not on the first derivatives of s. In other words D? is induced by a bundle
map £ — A2M ® E, i.e. a section of A2M ® Hom(FE, E), which is the same as
a Hom(E, E)-valued 2-form RP. RP is called the curvature of the connection.

If e = (e1,...,ex) is a local frame for E, then we can represent RY = D? by
a matrix of 2-forms

k
D26i = Z @ij X ej.
j=1

The matrix ©. = [0;;] is called the curvature matriz with respect to the frame

k
e. If ef = >~ gije; is another frame, then

j=1
k k k
D%¢, = D? Zgijej = ZgijD2ej = Z 90 ®e =
j=1 j=1 Jl=1

k k

= D 6920 s = > (9595(97 is) @€,
J,l,s=1 j,l,s=1
so that
Ou = ¢O.9 L.

We can express the curvature matrix in terms of the connection matrix: since

k
De; = )" 9;;e;, we obtain
j=1

k k k
D2€7; =D Zﬁijej = Z (d’lg” — Z’l?lp AN ’lgpj> X €j.
j=1 j=1 p=1
We can write this as
O, = dv. — U AV, (3.1.1)

where A denotes matrix product with respect to the wedge product (i.e. exactly
what the formula above says). Equations (3.1.1) are called Cartan structure
equations.
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3.2 Hermitian metrics

Definition 3.2.1. Let E 5 M be a complex vector bundle. A hermitian metric
on FE is a smoothly varying hermitian inner product on each fibre E, (i.e. if e =
(e1,...,€ex) is a smooth frame for E, then the functions h;;(z) = (e;(e), e;(x))
are C*°). A complex vector bundle equipped with a hermitian metric is called
a hermitian vector bundle.

Ezample 3.2.2. Recall the tautological bundle Jcp» on CP". Its fibre over z €
CP" is just the line (z) in C"™!. We can define a hermitian metric on J by
simply restricting the standard hermitian inner product on C"** to (z).

Definition 3.2.3. Let E = M be a hermitian vector bundle. A connection
D :T(E) — QYE) is called hermitian if it is compatible with the metric, i.e.

d<51,82> = <D81,82> + <31,D32> Vs, 89 € F(E)

Another way of saying this is that the metric is parallel with respect to D
- see Homework 6 for details. If e = (eq,...,ex) is a local frame for E and we
put hi; = (e;, e;), then this condition reads

k
dhij = <D€i, 6j> 6,, Dej Z ’tglphpj Zgjphip VZ,] (3.2.1)
p=1

Remark 3.2.4. In a unitary trivialisation (cf. Homework 6), it follows from
(3.2.1) that the connection matrix is skew-hermitian, i.e. ¥;; = —9;; for all 4, j.
The same holds then for the curvature matrix.

Proposition 3.2.5. Any vector bundle admits a hermitian metric. Any her-
mitian vector bundle admits a compatible connection.

Proof. Let {U;}icr be a locally finite cover such that each E|y, is trivial, and
let {\;} be a subordinate partition of unity. On each E|y, there is a hermitian
metric h; and we set h = ), A\ih;. For the second statement, let (, ) be a
hermitian metric on E. On each E|y, we can find a hermitian connection D;
(for example with trivial connection matrix in a unitary trivialisation). Then

Ds = ZDl(/\ls) = Z /\iDiS,

el i€l

is a connection on EF and we check that it is hermitian:

(Ds,t) + (s, Dt) <Z/\ ;D;s t> + <S,Z)\iDit> =
= )\Z-(<Dis,t> + (s, Dit>> =3 Nid(s,t) = ds,t).

i€l i€l
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Suppose now that M is a complex manifold and F is a holomorphic vector
bundle. We can decompose a connection D : I'(E) — QY (E) as D = D04 D01,
where

DY . T(E) - QY(E) and DY!':T(E)— Q“Y(E).
This much is true on any complex vector bundle over an almost complex man-
ifold. However, on a holomorphic F we already have a differential operator
d: T(E) — Q%(E) - the natural holomorphic structure defined at the be-
ginning of §2.2. We therefore call a connection D compatible with the complex
structure if D' = 0.

Theorem 3.2.6. If E = M is a hermitian holomorphic vector bundle, then
there exists a unique connection D (called the Chern connection) compatible
with both the metric and the complex structure.

Proof. Let e = (e1,...,ex) be a local holomorphic frame for E and put h;; =
(ei,e;). If D is compatible with the complex structure, then De; is of type
(1,0) for each i. Let ¥ be the connection matrix of D with respect to e, i.e.

k

De; = Zl ¥ ® e;. It follows that 1J;; are of type (1,0).
]:

On the other hand, if D is compatible with the metric, then we have equation

(3.2.1). Hence, if D is compatible with both complex structure and the metric,

then, after decomposing according to type,

k k
dhij = Z Diphpis  Ohij = Z D jphip,
p=1

p=1

or in matrix notation Oh = 9h, Oh = hv*. Now just observe that ¥ = (Oh)h~!
is a unique solution to both equations. O

Let us discuss the curvature of a Chern connection. Recall formula (3.1.1)
for curvature matrix of a connection D with respect to a frame e:

O = dile — Ve Ao = dVe — [De, Vo).

If D is the Chern connection on a holomorphic hermitian vector bundle and e
is a holomorphic frame, then we have just seen that

196 = (9/7,}7,71, where hij = <€i, €j>.
We now compute:

dd. = (0 + 0)V. = 09, + d(Ohh™') = 99, — Oh A (OR™Y)
=09, + Oh AhYOhRh™! = 09, + Ohh™' A ORKh L.

Hence ~ ~
O, =dd. — 9. N = 09, = 8(6hh*1). (3.2.2)

In particular the curvature of a Chern connection has type (1,1).
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Formula (3.2.2) is particularly simple in the case of a line bundle, since then
a local frame is just a local non-vanishing section. If s is such a holomorphic
section and h = (s, s), then we obtain:

9 =0logh, © =0dlogh. (3.2.3)

Also, since © gets conjugated under a change of frame, this has no effect in
the case k = 1, since GL(1,C) is abelian. Therefore © is a well-defined (purely
imaginary) global 2-form on M.

Ezample 3.2.7. Let us compute the curvature of the Chern connection on the
tautological line bundle J on CP™ (Example 3.2.2). Recall that J is a subbundle
of the trivial line bundle CP" x C"*! and a hermitian metric is induced from the
standard hermitian inner product on C"*!'. We compute the curvature of the
associated Chern connection in the chart Uy = {29 # 0} in which J is trivialised
by

p:C"xC—J
@O((wlu CIE ,wn),u) = u(17w1, CIIE ,U)n) S J|[1,w1,...,wn]'

A non-vanishing holomorphic section is given by s([1, 21, ...,2,]) = (1,21, .., 2n)
and so

h={(ss)=1 +Z|zi\2, and © = 99 log h.

i=1

Hermitian metrics on complex manifolds

A particular holomorphic vector bundle associated to a complex manifold is
T1OM, i.e. the holomorphic tangent bundle. A holomorphic frame on TYM
can be given as e; = a%i for local complex coordinates z1, ..., 2, and a hermitian

metric on TV°M can be locally written as
h = Z hijdzi (9 dfj
.9
where [h;;] is a hermitian matrix. We can also view h as a C-valued metric on
T Mg. Observe that
1
Reh =2 > hijdzdz;, and
4,9

o) B
Imh = T Zhwdzz AN de.

0,J
Thus a hermitian metric on TH0M gives us:

1) a Riemannian metric g on T Mg which satisfies g(J X, JY) = ¢(X,Y), and
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2) anon-degenerate 2-form w = @ >~ hijdz; AdZz; called the fundamental form
2%
of g with w(X,Y) =¢g(JX,Y).
Example 3.2.8. Suppose that dim¢ M = 1, and z = xz+iy is a local coordinate. A
hermitian metric on T%9M is then written locally as h dz®dZ for a local function
h > 0. The connection matrix of the Chern connection is (9h)h~! = %dz,
and the curvature matrix is

2
© =00logh = 9" logh

zZ0z

dz Adz = <—iAlogh> dz A dz,

where Af = % + % is the usual Laplacian. The fundamental form of (M, h)

is Qh dz A dz and hence

Alogh
e

—_———

Gaussian curvature
of a surface

Curvature of subbundles and quotient bundles

Definition 3.2.9. Let E be a hermitian holomorphic vector bundle on a complex
manifold M. We say that a section s € I'(AY'M ® Hom(E, E)) is positive! at
z € M (notation: s(z) > 0) if s(x)(v,7) € Hom(E,, E,) is a positive definite
hermitian matrix for every v € THOM. Similarly s(z) > 0,s(z) < 0,s(z) <
0,s(x) > s'(x) etc. We write s > 0 etc. if s(x) > 0 etc. at every point x € M.

Ezample 3.2.10. In example 3.2.7 we computed the curvature of the tautological
bundle on CP" with the metric induced from CP" x C**! as given (on zg # 0)

by
© = 00log (1 + Z Zz|2> :
i=1
Hence:
(2 2)- s ) 2
0z; 0z 02;0%; i=1 0z L+ a2
i=1
) 1+ 3 |52
1 Zi%i J7i

_ - - 5 > 0.

- n n 2 n
L+ 2 =l (1 +3 |zi|2> (1 +3 |zi|2>
= i=1 i=1

Therefore O(x) (821" 821-) <0Ofori=1,...,n and all z, i.e. © < 0.

Imore precisely: Griffiths-positive
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Let now F' be a holomorphic subbundle of F and equip F' with the induced
hermitian metric. Write Rg and Ry for the curvatures of the respective Chern
connections. These are sections of AV M @Hom(E, E) and AY* M @Hom(F, F),
respectively. Let N = F1. This is a smooth complex subbundle of E. If
se€T'(F)and t € I'(N), then

0 =d(s,t) = (Ds,t) + (s, Dt).

This means that in a frame of F consisting of a frame for F' together with a
frame for NV, the connection matrix of D = Dg has the form

C(9r A
ﬁE(—A* "9N>’

where A is a matrix of (1,0)-forms. We compute the curvature matrix with
respect to this decomposition:

Op = ddp — 95 AIp = ( dyp —9p A9 + AN A* | something >’

something ‘ something
and conclude that the curvature matrix of Dp satisfies
@E‘F =0Or+ANA*,

Since A has type (1,0), AA A* > 0, and so Rr < Rg|r, which means that the
curvature decreases in holomorphic subbundles. In particular, if E ~ M x C* is
a trivial bundle equipped with the standard hermitian metric, so that Rg = 0,
then Rp < 0 for any holomorphic subbundles of E (as it was for the tautological
bundle J). If we apply this to a submanifold M of C" and F = T'°M C
T1O9C"| 5 with the induced hermitian metric, we conclude that the curvature
of such T1OM is always nonpositive. In particular if M is a Riemann surface
locally embedded in C™ (as a complex submanifold), then its Gaussian curvature
is nonpositive.

Observe that the same calculation for the quotient bundle @ = E/F shows
that Rg > Rg|r, i.e. the curvature increases in holomorphic quotient bundles.
As an application suppose that a holomorphic vector bundle E = M is generated
by its sections, i.e. there exist holomorphic sections si,...,s; € H'(M, E),
[ > rank E, such that sq(z), ..., s;(z) generate E, for every x € M. This gives
us a surjective (holomorphic) vector bundle homomorphism

1
M x C! = E, (z,u) —> Zuzsl(m),
i=1

which can be interpreted as saying that E is a quotient bundle of a trivial
bundle. If we equip F with the hermitian metric induced from the Euclidean
metric on M x C!, then we conclude that Rg > 0.
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3.3 Chern classes of complex vector bundles

Let E 5 M be a complex vector bundle on a smooth manifold, and D an
arbitrary connection on E. Its curvature R” is a section of A2M @ Hom(E, E),
which we can view as a matrix of 2-forms and speak of the trace tr RP € Q?(M)
of RP. Recall the formula for the curvature matrix of D in a local frame:
© = dJ — 9 ANY. Therefore tr© = trdy = dtrv, and hence tr R is a closed
2-form?, called the Ricci form of D.

Lemma 3.3.1. The cohomology class [tr RP] € H2x(M) @ C does not depend
on D.

Proof. Let D and D’ be two connections on E and set A = D — D’. Observe
that it is a well-defined global section of I'(A'M ® Hom(E, E)), and therefore

trR? —tr RP = tr(© — ©') = dtr(d — ') = dtr A
is a globally defined exact 1-form. O

Remark 3.2.4 implies that [tr RP] is purely imaginary.

Definition 3.3.2. The cohomology class g[tr RP] € H2;(M) is called the first
Chern class of E and is denoted by ¢;(E).

This is a topological invariant of a vector bundle.

Ezample 3.3.3. We compute c¢1(Jepr). Recall that we computed the curvature
matrix of the Chern connection for the hermitian metric induced from CP' x C2
in the chart Uy as

1

Now, H2,(CP") is identified with C via integration: w — [ w. We compute
cP!

v—1 1 _ 1 r
Cl(JC]pl) = o (1 n ‘Z|2)2 dzZ Ndz Z::ew ; / m do A dr

C [0,27] X [0,00)
1 oo 27
r
=—— ————— df dr = —1.
T // (1+72)2 "
00
Remark 3.3.4. This actually implies that ¢;(Jepr) = —1 for any n. Indeed,

restricting Jepe to a CP* ¢ CP" is just Jep:, and hence c1(Jepn) - CP' = —1 for
any CP' in CP". Since Hy(CP") is generated by such a CP*, the claim follows.

Proposition 3.3.5. Let E and F be complex bundles of ranks k and | on a
smooth manifold M. Then

2We cannot conclude that it is exact, since it is d(something) only locally.
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(i) c1(A*E) = c1(E)

(ii) c1(E & F) = c1(E) + 1 (F)
(iii) c1(E® F) = le1(E) + key (F)
() e1(EY) = —a1(E)
(v) er(f*E) = frei(E).

Proof. Use the induced connections on these bundles as defined in the home-
work. 0

We now define higher Chern classes. The 1st one was defined using the
trace of the curvature RP € T'(A2M ® Hom(FE, E)). We view RP as a matrix
with entries in A?2M, and observe that the even exterior algebra @ A% M is
commutative (with respect to the exterior product). Therefore we can consider
polynomials in the entries of such a matrix, e.g. the determinant or the adjoint
matrix. In particular, invariant polynomials make sense. Recall that if A is a
k x k matrix, then we can set

k
det(t+ A) =Y P (A)th™

=0

so that Pj(A) = tr A, Py(A) = det(A). Each P; is a homogeneous polynomial
of degree i in entries of A, invariant under conjugation. If we apply this to R?
we obtain closed forms

P;(RP) = P;(©) € Q*'(M).

Definition 3.3.6. The i-th Chern class of a complex vector bundle E over a
smooth manifold M is the cohomology class

/=1 )
ci(E) = {Pi (%RDH € HiL(M), i=1,...,rtankE.

Once again, this does not depend on the choice of a connection D (exercise),
and it is real, owing to Remark 3.2.4.

First Chern class of a line bundle

Let L 5 M be a complex line bundle on a smooth manifold M. Recall, from
§2.1, that L is given by transition functions g;; : U; N U; — GL(1,C), where
U = {U, }ier is an open cover of M. These transition functions satisfy

9ii95i = 1, Gij9ikgki = 1, Vi,5,k € I.

Since GL(1,C) ~ C*, the collection {g;;} can be viewed as a Cech cochain
in C'(U,(C*>)*), where (C*)* is the sheaf of nonvanishing complex-valued



3.3. CHERN CLASSES OF COMPLEX VECTOR BUNDLES 61

smooth functions on M. The above conditions on the g;; imply that this cochain
is a cocycle, i.e. §({gi;}) = 0. Moreover, if U’ is another covering on which L
is trivialised, then L is also trivialised on a common refinement of ¢ and U’. If
{gi;} and {g;,} are two sets of transition functions on this common refinement,
then they correspond to the same line bundle if and only if there exist smooth
nonvanishing functions f; such that ggj f; = figs; for all 4,j. This means that

ggjgi_j1 is a Cech coboundary. We conclude:

Proposition 3.3.7. Complez line bundles on M are in 1 — 1 correspondence
with elements of H* (M, (C*>)*). O

Remark 3.3.8. Line bundles form a group with respect to the tensor product.
It is easy to see that the above correspondence is a group isomorphism.

We have an exact sequence of sheaves (cf. Example 2.3.9):
0 —Z— C*— (C*)" —0, (3.3.1)

where the second map is f — exp(27if). The long exact sequence on cohomol-
ogy, together with Proposition 2.4.8, yields an isomorphism

0= H'(M,(C®)") — H*(M,Z) - 0. (3.3.2)
Hence:

Proposition 3.3.9. Complez line bundles on M are in 1 — 1 correspondence
with H*(M,Z). a

The image of a line bundle L under the isomorphim (3.3.2) is called the Fu-
ler class of L, denoted by e(L). The group H?(M,Z) is a topological invariant,
isomorphic to the (second) singular cohomology of M. There is a natural map
H*(M,Z) — H*(M,R) ~ H2; (M), given by tensoring with R. It is an isomor-
phism on the free part of the Z-module H2(M,Z) and it sends torsion elements
(i.e. any Z/pZ-part) to 0. We can now identify the differential-geometric def-
inition of the 1st Chern class with the purely topological notion of the Euler
class:

Theorem 3.3.10. Let L = M be a complex line bundle on a smooth manifold
M. Then c1(L) is equal to the image of e(L) in H3g(M).

Proof. We first work out the explicit form of isomorphism (3.3.2). Let U =
{U;}ier be a cover such that each L|y, is trivial, and let g;; be the corre-
sponding transition functions. The 1-cocycle {g;;} determines the element of
H! (M, (C’oo)*) correponding to L. In order to compute the connecting ho-
momorphism, we follow its construction in the proof of Theorem 2.4.6. We
may assume that U is fine enough so that each U; N U; is contractible, and
set hi; = (2my/—=1)"'logg;; (defined uniquely up an additive integer). Then
{gi;} is the image of {h;;} € C'(U,C*) under the exponential map. The Cech
coboundary operator ¢ sends {h;;} € C1(U, C*) to {z;jx} € C?*(U,C>), where

1
Zijk = hij — hik + by = T (log gij +1og gjk + log gii)-
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This is the image of a cocycle in C?(U, Z) representing e(L) € H?(M,Z).

We now compare this with ¢1(L). Choose a connection D on L, compatible
with some hermitian metric on L. Owing to Remark 3.2.4 we can assume that
the connection “matrix” ¥; € QY(U;) for D on L|y, is purely imaginary. The
curvature RP is now a global 2-form, given as dv; in each U;. Recall (Remark
2.4.11) the de Rham isomorphism H9(M,R) = HJ,(M), valid for every g. The
proof of this works analogously to the proof of the Dolbeault theorem: we have
exact sequences of sheaves:

0oR-5L0~* -4zl 50, 0oz -La L 720,
which give us isomorphisms
2 (M,R) = (M, Z}) = HO(M, 22)JdH°(M, C™) = H3q (M),

Starting on the right, with ¢i(L), we get %RD € HY(M, Z32) which, from
the construction of the connecting homomorphism, corresponds to the cocycle
‘é—?{ﬁi —9;} € HY(M, Z}). The transformation law for the connection matrix
implies that ¥; —1; = dlog g;; = —dlog g;;, and applying the connecting homo-
morphism once again, gives the cocycle is —g{log gij +1og g;r +1log gk} in
H?(M,R). O

Remark 3.3.11. For a line bundle L, —2mic; (L) is the cohomology class of the
curvature RP for any connection D. If ¢;(L) = 0, then RP is exact, i.e. RP =
d¢ for a global 1-form ¢. This means that the connection D’ = D — ¢ has zero
curvature, i.e. L admits a flat connection. Such a bundle is called flat, and the
discussion in the paragraph after Proposition 3.3.9 shows that flat line bundles
on M are classified® by torsion elements of H?(M,Z), i.e. those which become
zero in H?(M,R). If M is compact?, then the universal coefficient theorem
implies that the torsion part of H?2 (M, Z) is isomorphic to the torsion part of
Hy(M,2) 2 my (M) [ (M), 7 (M)].

Further reading:

(i) Complex line bundles are classified by H?(M,Z). One can ask whether
there exist geometric objects associated to H3(M,Z) (and higher)? The
answer is yes; they are called (abelian) gerbes; see, e.g., M. Murray, An
Introduction to Bundle Gerbes, in: “The many facets of geometry” (OUP
2010), also arXiv:0712.1651, or Y. Loizides, Introduction to Gerbes, at
http://personal.psu.edu/yx1649/Introduction’20to%20bundle,
20gerbes.pdf.

(ii) We have seen that line bundles correspond to elements of
H'(M,(C*>)*). The same argument, involving trivialisations and

3As complex line bundles, not as gauge equivalence classes of (L, D).
4More generally, if M is of finite type, i.e. all homology groups H;(M,Z) are finitely
generated.
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cocycles, shows that vector bundles of rank k correspond to H' (M , gk),

where Gy, is the sheaf of nonabelian groups of GL(k,C)-valued functions.

Nonabelian cohomology quickly becomes very abstract if one wants to go
beyond H?. After the previous comment, you can guess that H2 (M, Gy,)

is related to nonabelian gerbes. See p. 16 and following in: Ieke Moerdijk,
Introduction to the language of gerbes and stacks, arXiv:math/0212266.

(iii) Flat vector bundles are a large research area, mainly because they are
closely related to representations of the fundamental group of a manifold.
See, e.g., O. Guichard, An Introduction to the Differential Geometry of
Flat Bundles and of Higgs Bundles, in: “The Geometry, Topology and
Physics of Moduli Spaces of Higgs Bundles” (World Scientific 2018), also
at http://irma.math.unistra.fr/~guichard/assets/files/
intro-bdle-ims.pdf.

3.4 Chern classes of holomorphic vector bundles

First Chern class of a holomorphic line bundle

Let M be a complex manifold, O the sheaf of holomorphic functions, and O*
the sheaf of non-vanishing holomorphic functions on M. The same argument
which led to Proposition 3.3.9 proves:

Proposition 3.4.1. Holomorphic line bundles on M are in 1—1 correspondence
with elements of H' (M, O*). ]

Just as for complex line bundles, holomorphic line bundles form a group with
respect to the tensor product. The above bijection is a group isomorphism.

Definition 3.4.2. The group of (isomorphism classes of) holomorphic line bun-
dles on a complex manifold M is called the Picard group of M, denoted by
Pic(M).

We consider now the exponential sequence
0—27Z— 08B0 —o,

and the associated boundary map on cohomology
HY(M,0%) =% H2(M, 7).

This is similar to (3.3.2), but this time § does not have to be either injective or
surjective. Observe, from the long exact cohomology sequence, that J is injective
iff AY(M,0) = Hg’l(M) =0, and it is surjective iff H?(M,0) = Hg’Q(M) =0.
Also, if L is a holomorphic line bundle, then §(L) is still the Euler class of L as
a complex line bundle. This follows from the fact that § and (3.3.2) commute
with the embedding H*(M,0*) < H' (M, (C>=)*).

As an application, we can finally classify holomorphic line bundles on P!:


http://irma.math.unistra.fr/~guichard/assets/files/intro-bdle-ims.pdf
http://irma.math.unistra.fr/~guichard/assets/files/intro-bdle-ims.pdf

64 CHAPTER 3. CONNECTIONS, CURVATURE, METRICS

Proposition 3.4.3. A holomorphic line bundle L on P! is isomorphic to H*,
where H is the hyperplane bundle and k = ¢;(L) € Z.

Proof. In Ex. 1 on Homework 3 you have shown that Hg’l(Pl) = Hg’Q(}P’l) = 0.
Therefore ¢ is an isomorphism. O

Remark 3.4.4. The line bundle H* is usually denoted by O(k).

Remark 3.4.5. Since the map ¢ is group homomorphism, the set of (isomorphism
classes of) holomorphic line bundles with §(L) = 0 is a subgroup of Pic(M), de-
noted by Pic(M). These are holomorphic line bundles such that the underlying
complez line bundle is trivial. In Example 2.2.6 we have identified holomorphic
structures on the trivial line bundle over an elliptic curve C'. We can now restate
the result of that example as: Pic?(C) ~ C.

Prescribing the Ricci curvature of a Chern connection

Let E 5 M be a holomorphic vector bundle over a complex manifold. Recall
that the curvature of the Chern connection for any hermitian metric has type
(1,1) and that the curvature matrix in the unitary frame is skew-hermitian.
‘é—?RD gRD) is a real (i,i)-form.

Therefore is hermitian, and hence P; (

Theorem 3.3.10 implies now that
ci(E) € HY (M) N H*(M,Z).

Here H?'(M, Z) really means the image of H?(M,Z) in H3z (M), i.e. H*(M,Z)
modulo torsion.

Let now ¢ be a closed (1,1)-form® with [¢] = ¢1(E). We ask: does there
exist a hermitian metric on E, such that the Ricci curvature (i.e. tr RP) of the
associated Chern connection is —2mip?

Let (, ) be an arbitrary hermitian metric on E. In a local holomorphic frame
(e1,...,ex) with the associated matrix h;; = (e;, e;) the curvature matrix of the
Chern connection is given by the following formula (cf. (3.2.2)):

© = d(0hh™1),
which means that the Ricci form tr RP is represented in this local frame by
00log det h.

We now modify the metric {, ) by multiplying it by ef/* where f is a smooth
real function on M and k = rank E. The new matrix A’ is given by

h; ef/k<€i7ej>v

ij T

and hence det b’ = ef det h. Therefore the Ricci forms of the two Chern con-
nections are related by ) -
tr R?" —tr RP = 90f.

50Observe that a closed (1, 1)-form is also d-closed.
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Therefore we find a hermitian metric with tr RP" = —2mip, provided we can
solve the equation
d0f = —2mip — tr RP.
The right-hand side of this equation is a closed imaginary (1, 1)-form cohomol-
ogous to 0:
[—27ip — tr RP] = —2mi[p] 4 27ic; (E) = 0.

Therefore the answer to our question is: we can prescribe the Ricci curvature of
a Chern connection on complex manifolds which satisfy the following condition:
Any ezact real (1,1)-form 3 on M is of the form /—190f for a smooth
function f: M — R.
This condition is called the global 90-lemma and a simple sufficient criterion
is given by:
Lemma 3.4.6. Let M be a complex manifold with Hg’l(M) = 0. Then the
global 00-lemma holds on M.

Proof. Since [ is exact, there exists a real 1-form « such that da = 5. We
decompose a as 7 + 7/, where 7 has type (1,0) and 7/ (0,1). It follows that
7' =7. We have

B=0@+9)(t+7T)=_01r + (01 +I7)+ 0T,
(270) (171) (012)

and therefore 8 = 07 + 07, Or = 0 = O7. Since H®'(M) = 0, there exists a
function u : M — C such that 7 = du. Then 7 = Ju, and:

B =01+ 07 = 00u + 00u = J0(u — u) = 2i00(Im u).

The claim follows with f = 2Imw. O

Chern classes of a complex manifold
Definition 3.4.7. Let M be a complex manifold. The i-th Chern class ¢;(M) of
M is ¢;(T M), where T M is the holomorphic tangent bundle, i = 1,...,dim¢ M.

Remark 3.4.8. It follows from Proposition 3.3.5 that ¢, (M) = ¢1(K},), ie.
the first Chern class of a complex manifold equals the first Chern class of its
anti-canonical bundle.

Example 3.4.9. We can compute the first Chern class of a projective space:
c1(CP") = 1 (Kgpn) = 1 ((J*)®"+1) =n+1e(J)=n+1,

where we used the result of Example 3.3.3. For n = 1, we obtain ¢; (CP') = 2.
This is just the Gauss-Bonnet theorem: for any oriented compact surface S and
any hermitian metric on T'S we have (cf. Ex. 3.2.8)

c1(S) = R /K x(S

27T R——zK o
S
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We wish to relate the first Chern class of a submanifold Y of M to ¢ (M).
We have an exact sequence of holomorphic vector bundles on Y:

0—TY — TM — TM/TY — 0. (3.4.1)

The bundle TM/TY is called the normal bundle of Y in M, and is denoted by
Ny/pr or simply Ny. If dim M = n and dimV' = m, then taking the highest
exterior power shows that:

Kily ~ Ky @ A" " Ny-. (3.4.2)
Therefore ¢1(Y) = ¢1 (M) — ¢1(Ny).

Of particular interest are complex manifolds with ¢; (M) = 0. This condition
is satisfied if the canonical bundle is trivial, i.e. there exists a non vanishing
holomorphic n-form on M (n = dim¢ M). Here are some examples:

Ezxamples 3.4.10. 1. C™, but also quotients of C™ by discrete subgroups pre-
serving the complex volume form dz; A --- A dz,, e.g. quotients by lattices

(complex tori).

2. The quadric Q = {(z1,22,23) € C3 | 22 + 22 + 22 = 1}. Observe that this
is a complexification of S2, so that H?(Q) # 0. The following holomorphic
2-form does not vanish on @, and therefore trivialises K¢:

z1dzog N dzg + zodzs N dz1 + z3dz1 N dzs.

3. Fermat hypersurface of degree n + 1 in a projective space:
V ={[20,21,- -+, 2n] € CP" | 201 ... 4 20T = 0},

Since V is defined by a homogeneous equation of degree n+1, i.e. by a section
of H™*1, the normal bundle Ny is isomorphic to H" 1|y, (see Homework 7).
Since Kcpn ~ (H™1)*, formula (3.4.2) shows that Ky is trivial.

For n = 3, this Fermat hypersurface is an example of the famous K3 surfaces
(simply connected 2-dimensional complex manifolds with ¢; = 0).

We finish the section with a generalisation of the Gauss-Bonnet theorem:

Theorem 3.4.11 (Gauss-Bonnet-Chern theorem). If M is a compact complex
manifold with dime M = n, then c, (M) = x(M), i.e.

/M det (‘/QjRD> = x(M),

T
for any connection D on TM .

Sketch of a proof. Fix a hermitian metric (,) on TM. We can find a (smooth)
vector field X with finitely many zeros p1, ..., pg. Let U; be disjoint neighbour-
hoods of p; such that TU; is trivial. Find a function ¢ which is = 1 on each
B;i(e) = {m € U;; | X(m)| < e} and = 0 on M\ |J B;(2¢). Moreover ¢ should be
small enough enough so that each B;(2¢) is relatively compact in Us.

Using partitions of unity construct a (,)-compatible connection V with fol-
lowing properties:
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(i) on M\ |JBi(2¢), V preserves the orthogonal splitting TM = (X) @ E and
the curvature of the line bundle (X) is identically zero;

(ii) for each i =1,...,k, V is flat on B;(e);

(iii) On each B;(2¢) the connection matrix of V is of the form (1—¢)7*Q, where
71 Bi(2€)\{pi} — 52”71 is the radial projection, and Q is the connection
matrix of the standard round metric on 271,

Condition (i) implies that det (ng) is identically 0 on M\JU;. On
the other hand, conditions (ii) and (iii) imply that, for each i = 1,...,k,
fU@ det ng is equal to the index of the vector field X at p;. The re-

sult follows from the Poincaré-Hopf theorem. O

Remark 3.4.12. As the above proof suggests, the result is valid for any almost
complex manifold. In fact it is true for any even-dimensional oriented manifold,
provided we replace ¢, (M) with the Euler class of the tangent bundle.

Further reading:

(i) For a detailed proof of the Gauss-Bonnet-Chern theorem see the
beautiful original paper of Chern (which started the whole characteristic
classes theory): A simple intrinsic proof of the Gauss-Bonnet formula for
closed Riemannian manifolds, Ann. of Math. (2) 45 (1944), 747-752; or
the survey article The Gauss-Bonnet-Chern Theorem on Riemannian

Manifolds by Yin Li, arXiv:1111.4972.

(ii) For more fun with Chern classes see §§3.3-3.4 in Griffiths & Harris.

3.5 Line bundles and divisors

In complex analysis an important role is played by meromorphic functions. We
now define them on any complex manifold.

Definition 3.5.1. Let M be a complex manifold. A meromorphic function f
on M is given locally as a quotient of two holomorphic functions, i.e. for some
open covering {U; };,er of M we have f|y, = gi/h;, where g; and h; are relatively
prime® holomorphic functions on U;, and g;h; = g;h; on any U; N U;.

Remark 3.5.2. f is not really a function: it is not defined at points where
g; = h; = 0. Strictly speaking, f is an equivalence class of {U;, g;, h;}, where
the equivalence relation is essentially given in the above definition. I shall leave
the details to the more formally inclined among you.

6As elements of the ring O(U;) (which is a GCD domain), i.e. any holomorphic function
which divides both g; and h; does not vanish on U;.
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We can now define meromorphic functions on any open subset of M, and,
consequently, we have the (additive) sheaf M of meromorphic functions on M,
as well as the (multiplicative) sheaf M* of meromorphic functions which are
not identically zero.

We now consider zeros and poles of a meromorphic function. Observe that
the zero set of a holomorphic function f is not necessarily a submanifold (unless
0 is a regular value of f). In fact, we do not want to consider zeros of f as just
a subset: as for holomorphic functions of one variable, we want to keep track of
the multiplicities of zeros.

Definition 3.5.3. A subset V of M is called an analytic hypersurface if every
point p € V has a neighbourhood U such that V' N U is the zero set of a holo-
morphic function f € O(U) which divides every other function g € O(U) with
glvau = 0. fis called a local defining function near p. An analytic hypersurface
is called irreducible if V' cannot be written as a union of analytic hypersurfaces
(i.e. the local defining functions cannot be factorised into holomorphic functions
which have zeros on V).
A divisor D on M is a locally finite” formal linear combination

D:ZkiVi

of irreducible analytic hypersurfaces with integer coefficients.

Clearly divisors form an abelian group with respect to addition, denoted by
Div(M).

Let h be a holomorphic function on M and V' an irreducible analytic hy-
persurface of M. Let p € V and let f be local defining function of V in a
neighbourhood of p. We define the order of h along V' at p to be the largest
integer k = ky, such that f* divides h in a neighbourhood of p. Observe that
kv, is locally constant, and since an irreducible analytic hypersurface must be
connected, Ky, is actually independent of p. We can therefore speak of the or-
der of h along V', denoted ordy (h). It is basically the order to which h vanishes
along V. We now define the divisor (h) of h as > ordy (h)V, where the sum
runs over all irreducible analytic hypersurfaces in M. This is a locally finite
sum and (h) is well defined. Observe that if dim¢ M = 1, then (h) = > m;z;,
where z; are distinct zeros of h and m; is the multiplicity of z;.

Similarly, if f is a meromorphic function with a local representation g/h,
then we define the order of f along V' to be ordy (f) = ordy (g) — ordy (h). The
divisor (f) of f is then > ordy (f)V.

We have the following sheaf-theoretic interpretation of divisors:

Proposition 3.5.4. Div(M) ~ H°(M, M*/0O*), i.e. divisors correspond to
global sections of the sheaf M*/O*.
Proof. A global section of M*/O* is given by a (locally finite) open cover {U;}

and meromorphic functions f; € M*(U;) such that on any U; N U; fi/f; €
O*(U; NUj;). This last condition means that on U; N U; ordy (f;) = ordy (f;),

"L.e. any point has a neighbourhood which intersects only finitely many V;.
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for any V. Therefore the divisor D = 3" ordy (f;)V is well defined. Conversely,
let D = > k;V; be a divisor, and let {U,} be an open cover such that only
finitely many V; intersect each U, and each of these V; has a local defining
function f; € O(Uy). Set fo =11 ff This is a meromorphic function on Ul,.
Since the local defining functions are determined up to a nonvanishing factor,
fa is defined up to multiplication by an element of O*(U,). Therefore (Uy, fa)
defines a global section of M*/O*. O

Remark 3.5.5. In algebraic geometry, elements of Div(M) are called Weil divi-
sors and elements of HO(M, M*/O*) are Cartier divisors. They do not coincide
for more general (singular) spaces.

Consider the short exact sequence
0— 0" — M"— M*/O* — 0.
The long exact cohomology sequence reads:
0— H°(M,0*) — H* (M, M*) — H°(M, M*)O*) = H'(M,0*) — H* (M, M*) — ...

Since H'(M, ©*) is the group of holomorphic line bundles on M, this means
that there is a natural map associating a line bundle to a divisor. We can see this
explicitly as follows. If D is a divisor with local defining functions® f; € M*(U;)
for some open cover {U;}, then g;; = f;/ f; are holomorphic and nonvanishing on
each U;NU;. Moreover g;jgj1gki = 1 on every triple intersection, and, hence g;;
are transition functions of a line bundle. It is easy to see that a different choice of
{U;} and f; gives an isomorphic line bundle. Moreover, this line bundle, denoted
by [D], is trivial if and only if there is a cover {U;} and functions h; € O*(U;)
such that g;; = h;/h;. But this means that fih;1 = fjh;1 on every U; NUj, so
that f defined as f;h; ! on U; is a global meromorphic function with (f) = D.
Therefore [D] is trivial if and only if D is the divisor of a meromorphic function.
Furthermore observe, directly from the definition of [D], that the local data
(Ui, fi) defines a meromorphic section of [D], simply because the functions f;
satisfy f; = gi;f; on each U;NU;. Conversely, if L is a holomorphic line bundle
and s is a meromorphic section of L, i.e. there exist local meromorphic functions
s; which satisfy s; = g;;5; on the intersections, then the s; define a divisor D
with L = [D]. The divisor associated to a meromorphic section is denoted by
(s).
Remark 3.5.6. This shows, in particular, that a line bundle is associated to a
divisor if and only if it admits a meromorphic section. We shall prove later
that this is the case for every line bundle on a projective manifold. In other
words, if M is projective, then the map HO(M, M*/O*) — H'(M,0*) (i.e.
Div(M) — Pic(M)) is surjective. This is false in general; in fact, “most”
compact complex manifolds do not admit any divisors, but many have nontrivial
holomorphic line bundles.

81f D = > ksVs and hs is a local defining function of Vs, then the local defining function
of D is [ hks.
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An even stronger property is the vanishing of H'(M, M*). This is not
true even for projective manifolds: see the article “The sheaf of nonvanishing
meromorphic functions in the projective algebraic case is not acyclic’ by X.
Chen, M. Kerr, and J.D. Lewis, C. R. Acad. Sci. Paris, Ser. I, 348 (2010),
291-293.

It perhaps also worth pointing out that M and M™ are not coherent sheaves
(cf. Remark 2.3.12). In particular GAGA does not apply, so that the sheaf of
algebraic meromorphic functions (local quotients of two polynomials) on pro-
jective manifolds is much smaller than M.

We now wish to express c¢1([D]) in terms of D. Observe that if V is an
analytic hypersurface in M, then its set of singular points has (complex) codi-
mension at least 2 in M. Therefore integration over V is well defined for forms
with compact support, and we obtain a linear functional ¢ — fv ¢ on HP2(M).
Via Poincaré duality this corresponds to a cohomology class [ny] € H32g(M).
This Poincaré dual is characterised by

/ nv Ao = / ¢ for any closed (n — 2)-form ¢ with compact support.
M v

We can also integrate over formal linear combinations of V: just integrate over
each V and take the corresponding linear combination of results. Therefore we
can associate the Poincaré dual [np] to any divisor D on M. We have:

Theorem 3.5.7. Suppose that a holomorphic line bundle L on a complex man-
ifold is of the form L = [D] for some divisor D. Then ci(L) = [np] € H3g(M).

Proof. Let D = > k;V; for a locally finite collection {V;} of irreducible analytic
hypersurfaces. We need to show that the curvature form R of a Chern connection

on [D] satisfies
V-1
%/MRA¢=gjki/w¢

for any compactly supported (n — 2)-form ¢. Since ¢ has compact support, and
{V;i} is locally finite, the right hand side is a finite sum for any such ¢. Since
c1 is additive with respect to tensor product of line bundles, it is additive with
respect to addition of divisors. It is therefore enough to prove this identity for
D =V - a single irreducible analytic hypersurface. Let us choose a hermitian
metric on L. Then, for any nonvanishing local holomorphic section e of L,
the curvature matrix © of the corresponding Chern connection is given by (cf.
(3.2.3)):
O = 00 log |e|?.

We can rewrite 99 as dd’, where d’ = 1(8 — 0). Let {U;, f;} be local defining
data for V' and let s be the corresponding holomorphic section of [V] with
s71(0) =V, ie. s = fi on U;. We consider a tubular neighbourhood of V given
by

D(e) = {m € M; |s(m)| < e},



3.5. LINE BUNDLES AND DIVISORS 71

and integrate, using the Stokes theorem:
/ RA ¢ = lim dd'log |s|* A ¢ = lim/ d'log|s|? A ¢.
M €20 JA\D(e) =0 JaD(e)

On each U; we can write |s|? = h;f; f;, for some positive real function h;. We
can replace each U; with an open subset, which is relatively compact in U;, and
therefore we can assume that d’h; is bounded on D(e) N U;. Consequently:

lim d'logh; A ¢ = 0.
=0 JaD(e)nU;

It follows that

lim d'log|s|* A ¢ = lim v—1Im dlog fi N ¢.
€20 JoaDp(e)nU; €0 dD(e)NU;

In a neighbourhood of a smooth point p of V' N U; we can find holomorphic
coordinates (wq,...,w,) with w; = f;, and v’ = (ws,...,w,) holomorphic
coordinates on V. We can write the form ¢ as

¢ = g(w)w + 1, where w =dwy A -+ Adw, Adiwg A - A dy,

and every term in ¢ contains either dw; or dw;. Then

Imdlog fi A ¢ =1Im dwn A (g(w)w + 1) =Im dw A g(w)w.
w1 w1

Then, in a neighbourhood U of p

d
Im lim dlog fi AN ¢ = Im lim it I g(w)w =
=0 JoaD(e)nU €20 Jop(e)nUu W1
d d
= Im lim ﬂ/\g(w)w = Im lim (/ ﬂ/\g(o, w’)w—i—O(e)) =
0wy |=e/vm; W1 0N fws |=¢/ VR W1

d
=—Im ILH%) (/ ﬂ)g((),w’)w = —271'/ g9(0,w)w = —271'/ ¢.
€ w’ M |wy |=€/vh; W1 w’ vnU

Therefore
—1
o [ Rne=[ o
2 Ju 1%

which concludes the proof. O



Chapter 4

Kahler manifolds

4.1 Kahler metrics

Recall from §3.2 that a hermitian manifold is a complex manifold M with a
hermitian metric on T1°M or equivalently a Riemannian metric g on TM (now
denoting the real tangent bundle) which is invariant with respect to the complex
J, ie.:

9(JX,JY)=9g(X,Y) VX, Y e(TM).

The bundles TM and T"°M are isomorphic, via X — X — iJX, and we have
two connections on T'M associated to g: the Chern connection D and the Levi-
Civita connection V. Both of them are compatible with g:

{d(g(X, V) =g(DX.Y)+9(X, DY) oo v e peran).

d(9(X,Y)) = g(VX,Y) + g(X,VY)
In addition, D satisfies D' = 0, which can be rephrased as
D(JX)=JD;X VX,ZeT(TM),

or simply as DJ = 0. On the other hand, the Levi-Civita connection V is
torsion free:
VxY -VyX =[X,Y] VXY eT(TM).

Clearly, hermitian metrics such that these two connections coincide should be
interesting. First of all, let us give several other equivalent conditions:

Theorem 4.1.1. Let g be a hermitian metric on a complex manifold (M, J).
Then the following are equivalent

i) J is parallel for the Levi-Civita connection;
it) D has zero torsion;

ii) the Levi-Civita and the Chern connections coincide;

72
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w) The fundamental form w of g is closed (recall that w(X,Y) =g(JX,Y));

v) For all p € M there exists a smooth real function f in a neighbourhood U
of p such that w|y = i00f;

vi) Around each point p € M there exist holomorphic coordinates w = (w1, ..., Wy),
such that 5 9
w\ o = 61“ O 2 .
90 (G ur) = B + Owl?)

Proof. Note that conditions i), ii), and iii) are equivalent owing to the uniqueness
of Chern and Levi-Civita connections. We are going to show that i) = 1iv)

= v) = vi) = i).
i) = iv): Since Vg = 0and VJ = 0, Vw = 0. Every parallel form is closed, however,
due to the identity:

da(Xo, ..., Xp) = > (-1)(Vx,0)(Xo,..., Xi,..., Xp), Vo€ QP(M).

=0

iv) = v): Let U be a neighbourhood of p biholomorphic to a polydisk C". Since w|y
is exact, the claim follows from Lemma 3.4.6 (the 00-lemma).

v) = vi): In local complex coordinates around p € M we can write:

w= iZwlmdzl ANdZmy,,

lm

where 1
Wi = 56”” " zj:(aﬂmzj + bjimZz;) + O(|2[).

Since w is real, ajim = bjim. It follows from v) that

O’f

Qilm = =~
jlm ——)
02;0210%,

which implies that i, = aijm for all j,I,m. Set wy, = 2m + D ajimz;21
l,m

and compute:
% Z dwy, A divy, = % Z Az N dZp, + i IZA Wjtmzj dzi N dZm+
m m s1, g
+i Y jmz dem Adz + O(|2]%) =
1m,j
=i Wi dz Adzm + O(|2]%) = w + O(|w|?),

l,m

which is equivalent to vi).
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vi) = i): Let p € M and let w; = x; +/—1y; be the coordinates around p found in
vi). Since the Christoffel symbols of the Levi-Civita connection V depend
only on the first derivatives of the metric tensor, they are equal to zero at
p. Consequently VJ|, = 0. Since p is arbitrary, VJ =0 on M.

O

Definition 4.1.2. A hermitian metric on a complex manifold satisfying the equiv-
alent conditions i) — vi) is called a Kdhler metric.

Its fundamental form is called the Kdhler form, and the local function in v) is
the Kdhler potential. Local coordinates having the property in vi) are called
normal Kahler coordinates.

Remark 4.1.3. Yet another equivalent definition of a Kéahler metric is that its
holonomy is a subgroup of U(n) (this is an equivalent formulation of i)).

Ezamples 4.1.4. 1) Standard metric on C™

1 _
g—QRe<E dzs®dzs>.
Its fundamental form is
= i g dzg Ndzg = 3.85|z|2
2 " 2 ’

and, hence, f(z) = 1|z|? is a global Kihler potential f : C* — R. Note that
g and J are invariant under the standard action of U(n) on C™.

2) The Fubini-Study metric on CP":
For z = (20, ...,2,) € C""1\{0} set w = i891og(|2|?) and observe that w is
invariant under rescalings z — Az, A € C*. Therefore w defines a real, closed
(1,1)-form on CP".
Now set g(X,Y) = w(X,JY), and observe that condition iv) of the above
theorem implies that g is a Kéhler metric provided it is positive definite. We
compute ¢ in the chart Uy = {29 # 0} with local coordinates w; = j—o Write

wz‘aélog<1+|w|2>6(1+| |zzwdw>
1+| ‘QZdws/\dws— 1+|w\ (Zwsdws>/\<;wsdms>,

Since both w and J are invariant under the action of U(n+1), it is enough to
check that g is positive definite at one point, say p = [1,0,...,0], i.e. w = 0.
n

n

But w|, =i > dws A ds, and so g|, = Y dwsdw,, which shows that g is
s=1 s=1

positive definite. This Kédhler metric is called the Fubini-Study metric.
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Remark 4.1.5. Recall that CP" = §?7*1/S1 The Fubini-Study metric is the
quotient metric of the round metric on 27+,

Once we have these two basic examples, we obtain plenty more, since:

Proposition 4.1.6. A complex submanifold of Kdhler manifold, equipped with
the induced metric, is Kdhler.

Proof. Let (N,J,gn) C (M, J,gn) be as in the statement. The fundamental
form wy of g is just the pullback (restriction) of the fundamental form wy; of
g, hence closed. O]

Therefore every complex projective manifold, as well as a complex subman-
ifold of C™ (i.e. a Stein manifold), has at least one Kéahler metric. Observe
also that the product of Kahler manifolds is again Ké&hler. On the other hand
many complex manifolds do not admit any K&hler metric. An example of an
obstruction is given by:

Proposition 4.1.7. If M is a compact Kdhler manifold, then
HL(M)#0  forall q<mn=dimc M.

Proof. Let w be a Kahler form on M. Then w? is a closed form, which I claim
cannot be exact. Indeed, had we w? = dip, then w" = d (¢ Aw™ ™ ?) and then

vol(M) = J o = Al d () Aw'1) =0,

which is impossible. O

Thus, for example, there are no Kéhler metrics on Hopf manifolds which we
defined in Chapter 1 (these are diffeomorphic to S x S?"~1 n > 2). Another
topological restriction is as follows:

Proposition 4.1.8. Let M be a compact Kihler manifold. Then the identity
map on q-forms induces an injective map

0
HEO (M) — Hi (M),
i.e. every nonzero holomorphic q-form is closed and never exact.

Proof. Let n be a holomorphic g-form. In a local unitary frame {¢;}, we can
write it as

= 1o Q1= i i, =i N N,
[1]=q
Then
NAT=Y fifser NGy
rJ
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On the other hand

wz?Z%A@ — W'l =1¢ Z YK NPk

|K|=n—q

Hence
NATAW = ¢ Y |filPer NP Are A,
[I]=q

where 1€ denotes the complement of I, since the only nonzero wedge products
arise when K NI = () and K NJ = (), which implies that I = J. Therefore

nATAW T =c) [ S |f? ] W
[I|=q

In particular, if n # 0, then the integral of n AT A w9 over M is nonzero. If,
however, n = di, then

NATAW I =d (P ATAW" ™),

since dw = 0 and dnj = d (d@) = 0, and we obtain a contradiction. Therefore a
nonzero holomorphic form cannot be exact. To show that it is closed, observe
that dn = (04 9)n = dn, which means that dn is an exact holomorphic (g + 1)-
form, and the previous argument implies that dn = 0. O

4.2 Hodge decomposition

The last result is a particular case of a much stronger fact, which is known as
the Hodge decomposition.

Theorem 4.2.1. On a compact Kdhler manifold, the following relations hold:

Hip(M,C)= P Hp"(M), Hp"(M)=HZ"(M).
pt+q=r

Remark 4.2.2. Thus, on a compact Kéhler manifold (in particular on any pro-
jective manifold), the Dolbeault cohomology can be viewed as a refinement of
the the de Rham cohomology.

Remark 4.2.3. 1) In particular, all odd Betti numbers bos 1 (M) = dim H35™ (M)
are even.

2) The theorem fails badly for noncompact Kéhler manifolds. Recall that we
showed (example 1.6.7) that dim H)'' (C*\{0}) = co. On the other hand:

Hjp (C*\{0}) = 0.
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Outline of the proof. The proof is completely analogous to that of the Rieman-
nian Hodge theorem. I shall outline it, since I am not sure that everyone took
the course “Mannigfaltigkeiten”.

Let V be a vector space with an inner product. There is an induced inner
product on each tensor power V¥ k > 1, and, by restriction, on each exterior
power A*V. If (e1, ..., e,) is an orthonormal basis on V, then {e;, A---Ae;, | 1 <
i1 < -+ < i < n}is an orthonormal basis of AFV.TIf (M, g) is a Riemannian
manifold, then we can do this on each 7, M, so we get an inner product on each
AFT*M. 1f (M, g) is oriented, i.e. we have a nonvanishing volume form dV, and
compact, then we can define an inner product on differential forms in Q% (M) :

(0, B) = / (o, Bl2)dV.

M

We seek, in every cohomology class in H §R(M ), a representative with the small-
est norm. How to find such an element?

We can view each cohomology class [¢)] € H5p(M) as an affine space P =
{t+dn|neQF1(M)}. If M is compact, then Q¥(M) with the above inner
product is a pre-Hilbert space!, and were P a closed subspace, we could find an
element of the smallest norm by the orthogonal projection, using the decompo-

sition QF (M) = dQ*~1 (M) @ (koil(M))L. The orthogonal projection can be
expressed via the adjoint operator to d:

1+ dnl* = [ 1* + lldnll* + 2(, dn) = [$I|* + [[dnl|* + 2(d" ¢, n).

Therefore, if d*i) = 0, then v has the smallest norm in P. Thus we conclude
that cohomology classes should be represented by forms 1) such that dip = 0
and d*y = 0. We need to understand the operator

d*: QF — QF

Let us look again at the inner product on A*V. If (ey,...,e,) is an oriented
orthonormal basis, then we can define a linear isomorphism

w1 AFV = ARV via
WA*T ={(w,T) e1 N - Aep Yw, 7€ AFV.

The operator * is called the Hodge dual. In particular, x1 = ejA- - -Aey,, (*71,*73)
(11,72), *ox = (=1)k(»=kK) on A*V. Now observe that *d* maps QFt1(M) to
QF (M) and

(do, BYAV = da A x = d(a A*B) — (=1)*a Ad * B,

lie. it does not have be complete, just as continuous functions on a interval with the

L2-norm.
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so that
(da, BYAV — d(a A xB) = (=1)F la AxB = (— 1) (=P R A x2dx g =
= —(=1)" (a, xd % B)dV.
After integration we obtain
(da, B) = (e, (~1)™ 1 xd % B),

which means that d* = (—1)"*! x dx is the adjoint operator of d, called the
codifferential. A form w such that d*w = 0 is called co-closed.

Thus we need to show that, on a compact oriented Riemannian manifold
(M, g), any cohomology class has a representative ¢ with d*¢ = 0 (and dyp = 0).
Observe that such a form automatically satisfies (dd*+d*d)y = 0. The operator

A=A, =dd" +dd: QM) — QM)

is called the Riemannian Laplacian, or the Laplace-Beltrami operator. On func-
tions in R™:

* * * . af
Af = (dd* +d*d)f =d*df = —xd*df = —*d * ;a—%dxj
=—xd ZTj*de d*d;j:O_* Z axjaxidwz/\*dwj
j=1 i,j=1
SRRO Y LU B
j=1 J J=1 J

In general, if a Riemannian metric in local coordinates has a form g = 3 g;;dz;dx;,

,J
_ 1 0 5 Of
Agfﬁ;(%( |g|gj8xj)>’

where [¢"] = [g;;]7! and |g| = det[g;;]. A form 1 such that Ay = 0 is called
harmonic. Clearly dip = 0 and d*¢ = 0 imply that ¢ is harmonic. On a compact
manifold we also have the converse:

then

Lemma 4.2.4. If M is compact, then any harmonic form 1 satisfies dyp =
d*y = 0.

Proof.

0= [(aveav = [(dar+ dav v :Z (1dwf? + | wf?) av.

M M



4.2. HODGE DECOMPOSITION 79
Corollary 4.2.5. A harmonic function on an oriented compact connected Rie-
mannian manifold is constant.

Let HX (M) denote the vector space of harmonic k-forms, i.e:
HA(M) = {v € Q"(M) | Ay = 0}.

Theorem 4.2.6 (Hodge-de Rham). On a compact oriented Riemannian man-
ifold (M, g) we have

QF(M) = HE (M) @ dQ* 1 (M) & d*QF (M),
where the summands are mutually orthogonal with respect to (-, -).

Before discussing a proof, let us look at some applications:

Corollary 4.2.7. The natural map f : H5 (M) — HE, (M), given by 1 — [4],
18 an 1somorphism.

Proof. Since dip = 0, the map is well-defined. Since HX is orthogonal to exact
forms, the kernel of f is trivial. Finally, let [w] € HY,(M) and decompose
w = w +d\ + d*pu, where w¥ is harmonic. Then

0 = (dw, p) = (dd" 1, pu) = (d* 1, d" ).
Hence d*p1 = 0 and [w] = [wH +d\] = [w!], which means that f is surjective. [
Corollary 4.2.8 (Poincaré duality). On a compact oriented n-manifold M

Hjp(M) = Hijz"(M).

Proof. Put any Riemannian metric on M. The corresponding Hodge dual op-
erator * gives an isomorphism H& (M) ~ Hx*(M). O

Remark 4.2.9. This isomorphism depends on the choice of a Riemannian metric
on M. On a connected M, a better statement is that there exists a natural
isomorphism H¥, (M) ~ H}*(M)*, given by the pairing (¢, ) > Sy o N

Idea of a proof of the Hodge-de Rham theorem: It is clear that the three sum-
mands HK (M), dQF*=1(M), d*Q*+1(M) are mutually orthogonal: if w is har-
monic, then (w,dyp) = (d*w,y) = 0 and similarly (w,d*u) = 0. Moreover
(deo,d*p) = {ddp, j1) = 0.

The hard part is to show that the direct sum is all of QF(M). The solution is

S .
to complete Q¥ (M) with respect to a norm ) |Vi1) ? where V is the covariant
i=0

derivative, for some high order s. This is the Sobolev space WF(M), and it is a
Hilbert space.
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The Laplacian extends to a Fredholm operator?
A, WEM) — Wk (M) with Ker A, = Ker A,

which means that every “Sobolev class” harmonic form is smooth. We now have
a well defined closed subspace Y = (Ker A,)t € WF(M) and we need to show
that

Y NQF(M) = dOF (M) @ d* Q¥ (M).

We observe that
Y =ImA: Wsk_g(M) — WSk(M)v

but on smooth forms A* = A (since A is self-adjoint), and therefore any smooth
form orthogonal to Ker A lies in the image of A, i.e.

Y = Au = (dd* + d*d)u = d(d*u) + d*(du) € dQ*"H(M) @ d* Q" (M). O

We can now obtain an analogous decomposition on a compact hermitian
manifold (M, g, J) using the operator 9. We define the formal adjoint

0 QPITH (M) — QPY(M)
and the 0-Laplacian Az = 0*0 + 90*. The key facts are:
e there is a natural orientation on a complex manifold;
e there is a hermitian inner product on each QP2(M);
e the Hodge star maps QP9(M) to Q2" P(M), where n = dim¢ M;
e since dimpg M is even, x> = (—1)PT9;
o 0" = — % Ox.

A differential form ¢ satisfying Az = 0 is called (?—harmom'c. Again, on a
compact M, Agp = 0 if and only if dp = 0 and 9*p = 0. We denote by
HRI(M) the space of d-harmonic forms of type (p, q).

Theorem 4.2.10 (Hodge decomposition for the Dolbeault cohomology). On a
compact hermitian manifold (M, g, J):

(M) = HEY(M) & 9975~ (M) © 5"+ (M),

where the summands are orthogonal with respect to the global hermitian product
<'v >

Proof. The proof is completely analogous to that of the Hodge—-de Rham theo-
rem. O

2i.e. a bounded linear operator with finite-dimensional kernel and cokernel.
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Corollary 4.2.11. On a compact complezx n-dimensional manifold M

HY9(M) ~ HZ""7P(M).

Proof. The same as in Corollary 4.2.8. O

Remark 4.2.12. In addition, complex conjugation induces an antilinear isomor-
phism H29(M) ~ HIP(M).

On a hermitian manifold (M, g, J) we have defined two Laplacians: the
Riemannian A, and the complex Ag. In general, there is no relation between
harmonic and d-harmonic forms (otherwise we would have a relation between
the de Rham and the Dolbeault cohomology). However:

Proposition 4.2.13. If (M,g,J) is a Kdhler manifold, then Ay = 2A5.

Proof. Both Laplacians, when written in local coordinates, involve only first
derivatives of the metric. Therefore in normal Kdhler coordinates (complex
coordinates in which the metric is Euclidean +0(|z|?)) around a point p, the
two Laplacians have the form

2 2
Ag—euclidean + O(|Z| ) and A5—euclidean + O(|Z‘ )

A simple calculation shows that Ay_cyclidean = 2A5_euclidean, and 50 Agl, =
2Aj|p. Since p is arbitrary, the result follows. O

Remark 4.2.14. This proof illustrates a general method of proving many results
for Kéhler manifolds. Any identity which holds on C™, and it involves only the
metric and its first derivatives, is valid on any K&hler manifold.

On a compact Kéhler manifold, we now obtain the Hodge relations from this
proposition, the Hodge-de Rham theorem and theorem 4.2.10.

Further reading:

(i) As we have seen, not every complex manifold admits a Kéhler metric.
One can ask whether there are weaker conditions on a hermitian metric,
which can be satisfied on any (compact) complex manifold. An example
of such are the Gauduchon metrics, where the fundamental form w
satisfies 90w™ 1 = 0 (n = dime M). There exists a Gauduchon metric in
every conformal class of a given hermitian metric. Examples of stronger
(but weaker than Kéhler) conditions are: d0w™ 2 = 0 (astheno-Kdhler),
00w = 0 (strong Kdhler with torsion or pluriclosed); they can no longer
be fulfilled on an arbitrary complex manifold.

A nice paper on astheno-Kéahler manifolds is: A. Fino and A. Tomassini,
“On Astheno-Kahler metrics’, J. London Math. Soc. 83 (2011), 290-308,
also at arXiv:0806.0735.

For a relation between Gauduchon metrics and Aeppli cohomology (see
(iii) below): R. Piovani, A. Tomassini, “Aeppli cohomology and
Gauduchon metrics”, Complex Anal. Oper. Theory 14, 22 (2020).
https://doi.org/10.1007 /s11785-020-00984-6, also at arXiv:1909.02842.
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(ii) For a more detailed proof of the Hodge theorem see, e.g. Griffiths &
Harris.

(iii) The Hodge theorem can be interpreted as saying than on compact
Kahler manifolds de Rham cohomology can be computed from the
Dolbeault cohomology. There are several other cohomology theories on
complex manifolds, which on non-Kéahler manifolds are closer to the de
Rham cohomology than the Dolbeault cohomology. Two (relatively)
important ones are the Aeppli cohomology and the Bott-Chern
cohomology. See the thesis of D. Angella “Cohomological aspects of
non-Kdahler manifolds”; arXiv:1302.0524, in particular Theorem 1.25.

4.3 Kodaira-Serre duality and Kodaira-Akizuki-
Nakano vanishing theorem

Let E be a holomorphic vector bundle on a compact complex manifold M.
Recall (§2.2, in particular Remark 2.2.7) that we have a well-defined operator
d : OPI(E) — QPatL(E) satisfying 9> = 0, and, consequently, well-defined
Dolbeault cohomology groups H g’q(M , E). If we now choose hermitian metrics
on M and on E, then we obtain a hermitian metric on any A?4(E) = AP4(M)®
E. We can therefore define an inner product on 79(E):

(6.0 = /N (Gl V)V

We also have an operator
A APUE) x APHE) — APFRT(M),  (n@s) A @) = (s,s")n A1y

We can now define the E-star operator g : APY(E) — A" 9" P(E) by the
relation:

(6,16} = /quA*Ew, Ve € API(E).

Again we obtain an adjoint operator 9* = — g 0% on E-valued differential
forms, and can define the d-Laplacian as before. We have the space HY(M, E)
of harmonic (p, q)-forms, and the proof of the Hodge theorem goes through
without any essential changes. Therefore

H2(M, E) ~ HR(M, E), Vp,q. (4.3.1)

The corresponding “Poincaré duality” statement (cf. Corollaries 4.2.8 and 4.2.11)
reads now:
Hg’q(M, E)~ Hg_q’"_p(M, E).

As in Remark 4.2.9, this isomorphism depends on the choice of metrics on M
and on E. If M is connected, we can use instead a pairing between F-valued
and E*-valued differential forms, and obtain a canonical isomorphism:

Hy'(M, E) ~ Hy ""~(M, E*)".
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Using the Dolbeault theorem for E-valued forms (Theorem 2.4.12), we can
rephrase this as follows (from now on, I shall omit the “check” over cohomology
groups of sheaves):

Theorem 4.3.1 (Kodaira-Serre duality). Let E > M be a holomorphic vector
bundle on a connected compact complex manifold. There exist natural isomor-
phisms

HY(M,HPO(B)) ~ H"9 (M, H"P(E"))".

In particular, for p=0:
HY(M,O(E)) ~ H" (M, O(E* @ Kur))',
where O(E) denotes the sheaf of holomorphic sections of E. o

Ezample 4.3.2. Let C be a (connected) compact Riemann surface, i.e. a com-
pact complex manifold of dimension 1. The Kodaira-Serre duality implies that
H°(C,0(K¢)) ~ HY(C,O)*, i.e. the dimension of the space of global holomor-
phic 1-forms equals the dimension of H!(C,0) ~ Hg’l(C’). Since C' is Kéhler
(any hermitian metric is Kéhler by dimensional reasons), the Hodge relations
imply that dim Hg’l (C) = $b1(C). If you think a moment about a 2-dimensional
compact real manifold with g holes, you can see that g = %bl(C). Therefore
the dimension of the space of global holomorphic 1-forms is equal to the genus
of C.

In general, dim H°(C, O(K¢)) is called the arithmetic genus of C, and for
more general (singular) algebraic curves it does not have to be equal to the
topological genus (indeed, the latter may be not well defined).

Recall now (Definition 3.2.9) that we introduced the concept of positivity
(or negativity) of curvature of a Chern connection on a hermitian holomorphic
vector bundle. We consider the case of a line bundle, and call a holomorphic
line bundle L positive if it admits a hermitian metric such that the curvature of
the corresponding Chern connection is positive. We shall prove:

Theorem 4.3.3 (Kodaira-Akizuki-Nakano vanishing theorem). Let L — M be
a positive line bundle on an n-dimensional compact complexr manifold. Then

HY(M,H"(L)) =0 if p+q > n.

Remark 4.3.4. The Ricci form of a Chern connection is always closed. Therefore,
if the Ricci form is positive, then it defines a Kahler metric. Consequently, a
manifold which admits a positive line bundle is Kahler.?

Before proving the theorem we need some preparation. We define an oper-
ator* L : QP4(M) — QPTLaL (M) by L(n) = n A w, and its adjoint
A=L*"=x"1oLox: QPI(M)— QP~La=1(Ar).

3Later we shall see that it is even projective.
4known as Lefschetz operator; A is known as the dual Lefschetz operator.
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Lemma 4.3.5 (Kéhler identities). Let M be a complex manifold equipped with
a Kdhler metric g. Then the following identities hold true:

(1) [A L] = (n—p—q)ld;
(i4) [0,L] = [0,L] = 0 and [0*,A] = [0*,A] =0
(i4i) [0*, L] =0, [0*, L] = —i0 and [A, 0] = i0*, [A, 9] = —id*.

Proof. We are going to prove (ii) and (iii). The proof of (i) requires a substantial
detour into representation theory; see Griffiths and Harris, pp. 118-121, for
details.

We compute for ae € QP 9(M):

[0,L)(a) =0(wAa)—wAda=(0w)ANa+wAda—wA da =0,
since dw = 0 (w is closed), and similarly for [0, L]. Now

[0, A](a) = [~ * 0%, 'Lx](a) = =+ 0L xa+* 'L+*dxa =
=—%dLxa++xLdxa=—x[0,L]xa=0,

and similarly for the last identity in (ii).

For (iii), notice first that the second identity is obtained by conjugation
from the first one, and the remaining two are just the adjoints of the first two.
Therefore we only need to prove the first identity [0*, L] = i0. Since this identity
involves only the metric and its first derivatives, it is enough to prove it on C™
(cf. Remark 4.2.14). Moreover, since both sides are C-linear, we only need to
check the identity on monomials of the form o = fdz; A dz;, where I,J are
multi-indices.

Now, on C™, we have in standard coordinates w = % 2?21 dz; \dz; and

:—QZaZk o dZ]/\dZJ)

zk

where i_a_ denotes interior multiplication (contraction)®. Then:
CE

[0, Lla = 5*(w/\o¢)—w/\5*
= —QZa—Zkzafk (wAdzpr Ndzy) +2Z—w/\z (Zk(dzl/\dZJ)
= —2Zﬁ<(ia wW)ANdzr ANdZj+wAi_a (dZ[/\dZ])_(U/\la (dzI/\dZJ))
azk 9z, Oz, 9z,
0 0
- —ZZa—i(iggk )/\dzIAdzJ——Zza—idzk/\dzf/\dzj—1805
where we used i_a w = —%dzk. O

GETS

5Recall the identity ix (a A B) = (ixa) A B+ (=1)3°8a A (ixB).
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We now extend the operators L and A to act on forms with values in a
holomorphic hermitian vector bundle:

Lin®s)=(wAn)®@s, necQYM), sc H(E),
and similarly for A.

Lemma 4.3.6. Let D be the Chern connection on a holomorphic_hermitian
vector bundle E over a Kahler manifold M. Then [A, 0] = —i(Dl’O)*.

Proof. Choose a local unitary frame on E, and let A be the connection matrix
for D in this frame. Then

DY =09 +AY, DO'=§4 A%

and the 9 in the desired formula is D%! (i.e. the holomorphic structure on E).
It follows that
(Dl,O)* . (Al,O)*-

Hence
[A, DO (D) = [A, 3] + [A, A%Y] 407 — i(A0)" = [A, A™'] = i(AM),

where we used the Kéhler identity from Lemma 4.3.5(iii). For any p € M we
can find a local unitary frame such that the connection matrix A is zero at p.
Therefore the left-hand side of the last formula vanishes identically on M. [

Proof of the Kodaira-Akizuki-Nagano theorem. Owing to (4.3.1) and to Dolbeault’s
theorem (Prop. 2.4.12) we have H?(M, HP*(L)) = HX?(M, L). The assump-
tion implies that there exists a hermitian metric on L such that w = iRP is
the fundamental form of a Ké&hler metric on M. Therefore it is enough to

show that there are no nonzero harmonic L-valued forms of degree > n. Let
n e HRYM,L). Then

RD /\,'7 — D277 — (Dl,Og_i_ng,O),rl — 5D1,0,,7’
since dn = 0. Therefore

i(ARP An,m) = i(AODYOn,m) = (DA (D)) D Oy, n) =

Lemma 4.3.6

= i(ADY0n,0%n) + (D0, Do) - = (D", Do) = 0.

Similarly
i(RP A An,n) = i((D°0 + dD*)An,n) = i(D"°9An, n) + i(D*OAn,0"n) =

= i(D"0An,n) = i(DO(AD +i(DY)*)n,n) = —(DH(DY°)*n,n) =
— _<(D1,O>*n’ (Dl,O)*n> S 0.
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Since iRP = w, the operator iR” A (-) is the Lefschetz operator L, and we
obtain

0 <i(ARP Am,m) —i(RP AAn,m) = (A, Lln,n) = (n—p—q)nl*

Lemma 4.3.5

Hence p + g > n implies that n = 0. O

Remark 4.3.7. Using the Kodaira-Serre duality, we conclude that if L 5 M is
a negative line bundle, then H?(M,HP*(L)) =0if p+ g < n.

Ezxample 4.3.8. Observe that the Fubini-Study metric on CP” is nothing else but
iRP  where D is a Chern connection on the hyperplane bundle O(1) (cf. Example
3.2.7). Therefore O(1) is a positive line, and so are its positive tensor powers
O(m), m > 1. It follows from Theorem 4.3.3 that H?(CP", HP® @ O(m)) =0
for m > 0 and p + ¢ > n. In particular, since " = Kcpn = O(—1 —n) from
Prop. 2.1.4, H? ((CIP’",(’)(m)) =0 for ¢ > 0 and m > —n. Using the Kodaira-
Serre duality, we can deduce that HY ((CIF’",(’)(m)) = 0 if the integers n,q,m
satisfy one of the following: (i) 0 < ¢ < n; (ii) ¢ = 0, m < 0; (iii) ¢ = n,
m > —n— 1.

The remaining cohomology groups are also easily computed: as in Ex. 1(b)
in Homework 4, one shows that H° ((C]P’”, O(m)), m > 0, is isomorphic to the
vector space of homogeneous polynomials of degree m in n + 1 variables. The
Kodaira-Serre duality computes then H"(CP", O(m)) (m > —n — 1).

Remark 4.3.9. 1 have already mentioned that on CP™, n > 1, not every vector
bundle splits into a direct sum of line bundles. First of all observe that any
line bundle on CP™ is of the form O(k) for some k € Z. The argument here is
the same as for CP! (Prop. 3.4.3) since H) (CP") = 0 and H3z (CP") ~ C ~
H é’l((CP”). The last example gives now a necessary cohomological condition for

a vector bundle E % CP™ to split: H?(CP", E ® O(j)) = 0 for 0 < ¢ < n and
all j € Z. Tt turns out that this condition is also sufficient. This is known as
the Horrocks criterion; see the book by Okonek et al., cited at the end of §2.1.

Remark 4.3.10. In §3.4 we showed that if a complex manifold satisfies the global
00-lemma, then the first Chern class of any vector bundle can be represented
by the Ricci curvature of a Chern connection. Definition 3.2.9 can be used for
arbitrary (1,1)-forms, and we say that ¢;(L) > 0 if there is a form ¢ such that
[#] = c1(L) and —i¢ > 0. Therefore, if the global 9-lemma holds on M, then
a line bundle L on M is positive if and only if ¢;(L) > 0. In the homework
you are asked to prove that the global 99-lemma holds on any compact Kihler
manifold. Therefore we can rephrase the assumption in the Kodaira- Akizuki-
Nakano theorem as: M is Kédhler and ¢, (L) > 0.

Further reading:

(i) For other vanishing theorems see §VII.1-VII.9 of Demailly’s book, cited
at the end of Chapter 1.
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(ii) Those of you who are more algebraic-minded, may want to ask (and
some of you did) which results of the last two sections can be proved
without recourse to analysis (for projective manifolds). Clearly not those
where differential operators are essential in the statement, e.g. Theorem
4.2.6. But what about the Hodge decomposition theorem (Theorem
4.2.1)? Using Dolbeault’s theorem, this can be rephrased without
mentioning the operator 9. The answer is yes, at least for the first
relation in the statement (i.e. the decomposition, not the one about
conjugation). I believe it was Grothendieck who first suggested to prove
it using [-adic cohomology, and this was done 20 years later by Deligne
and Illusie (in 1987). The same methods lead to an algebraic proof of the
Kodaira-Akizuki-Nakano vanishing theorem. A nice clear reference (but
probably far beyond the scope of any course offered by the Institute for
Algebraic Geometry; maybe a seminar?) is the book Lectures on
vanishing theorems by H. Esnault and E. Viehweg (Birkhauser 1992).

The Kodaira-Serre duality has many algebraic proofs, which can be
found in most textbooks on algebraic geometry, e.g. in Hartshorne.

4.4 Holomorphic sectional curvature

The curvature of a connection D on a vector bundle E can be viewed as a 2-
form with values in Hom(E, E). In the special case E = T M, we can view the
curvature as a (3, 1)-tensor (Riemann curvature tensor):

RP:TM xTM xTM — TM, (X,Y,Z)~— RP(X,Y)Z.

If D is the Levi-Civita connection of a Riemannian metric g, then one defines the
sectional curvature, which associates a scalar to each tangent plane: if XY €

T,M are orthonormal, then the sectional curvature of the plane 7 spanned by
X and Y is defined by

K(r)=K(XAY) =g(RP(X,Y)Y, X).

K(m) can be interpreted as the Gaussian curvature at p of the (immersed) 2-
dimensional submanifold of M obtained by taking all geodesics with tangent
directions belonging to m. In the course “Riemannian Geometry” we have seen
that K determines R, and its study leads to many interesting topics and re-
sults: spaces of constant sectional curvature, pinching theorems, etc.

On a Kihler (or more generally, hermitian) manifold (M, g, J) there are
special planes in tangent spaces: those invariant under J, i.e. having a basis
X,JX. We define the holomorphic sectional curvature of (M,g,J) to be the
sectional curvature restricted to the complex planes T}, M:

K(XANJX)=g(RP(X,JX)JX,X), with g(X,X)=1.
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An argument similar to that for the ordinary sectional curvature shows that
on a Kahler manifold the holomorphic sectional curvature also determines the
Riemannian curvature RP .6

The only complete simply-connected n-dim Riemann manifolds with con-
stant sectional curvature are S™, R", and the hyperbolic space H". We now
ask for a similar classification of Kéhler manifolds with constant holomorphic
sectional curvature.

Theorem 4.4.1. The Fubini-Study metric on CP" has constant (positive) holo-
morphic sectional curvature.

Proof. Recall that the fundamental form of the Fubini-Study metric is given by
w = i0dlog |z|?,

where z € C"*1\{0} represents [z] € CP". Hence, as observed before, the
Fubini-Study metric is invariant under the transitive action of U(n+1) on CP".
I claim that U(n + 1) actually acts transitively on the space of all complex
tangent planes (“holomorphic lines”) in TCP".

At a point p € CP", the space of all complex lines in T,CP" is P(7,,CP") ~
CP""'. The tangent space T,CP" is identified, from the definition of CP",
with C"*!/L, where L = [p]. Hence a line in T,CP" corresponds to a 2-
dimensional subspace E of C**! such that L C E. Therefore the total space of
all holomorphic lines in TCP", i.e. P(T'CP™), is the manifold F} o of so-called
(1,2)-flags:

Lc EcC"! where dimL =1, dimFE = 2.

It is a homogeneous manifold: the Gram-Schmidt orthogonalisation implies that
Fio = U(n+1)/(U(1) x UQ) x U(n — 1)),

and hence U(n + 1) does act transitively on the space of all complex tangent
planes. Therefore the holomorphic sectional curvature of the Fubini-Study met-
ric is constant. In order to see that it is positive, consider a CP' ¢ CP", say
P({eo,e1)) C CP". It is the fixed point set of the subgroup

(% o' n)

of U(n + 1), and therefore totally geodesic. This means that the sectional
curvature of m ~ TPCIF’1 C T,CP" is equal to the sectional curvature of 7
in CP'. But the latter is just the Gaussian curvature of the 2-sphere, hence
positive. O

What about constant negative holomorphic sectional curvature? This would
be an analogue of the hyperbolic space H™ and is even easier to construct: take
the open unit ball

D, ={z=(z1,...,2n) €C" |2| < 1}

SFor a proof see Prop. 7.1 in Ch. IX of Kobayashi and Nomizu.
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and define a Kéhler metric by the global Kéhler potential K (z) = — log (1 - \z|2) ,

i.e. w=1i00K. The metric is easily computed as
(1= |23 Y dzodz, + (Zzsdzs> (Z zsdES>

(o)

Observe that this is clearly U(n)-invariant. It is actually U(n,1)-invariant,
where the group U(n, 1) is defined as
« (Idy, O _(Id, 0
(o B)r=( )

i.e. the group of linear transformations preserving the indefinite hermitian dis-

N2
tance Y |z]
i=1

ds® =

U@J):{Aecun+LC)

—|zns1|*. If we write

U= (g g) , where A € Mat,,«,(C), B,CT € C", d€C,

then the induced fractional action on C"

A B 1
(Cd)%:w+ﬁm+m

preserves D,, and ds?. Again” U(n,1) acts transitively on the space of all
complex tangent planes, so this metric on D,, has constant holomorphic sectional
curvature. Restricting to a totally geodesic surface, which is isometric to H?2,
shows that this curvature is negative. The Kéhler manifold (D,,, ds?) is called
the complex hyperbolic space, denoted CH™.

Similarly to the real case, the only complete simply connected Kahler mani-
folds with constant holomorphic sectional curvature are CP", C" and CH™. The
proof is also very similar to that in the real case; see Kobayashi and Nomizu,
Theorem IX.7.9.

The example of CH™ suggests a construction of a large class of Kéahler met-
rics. Take a bounded domain D C C™ and define

K:D—R by K(z)=—logdist(z,9D).

We can try and treat K as a “Kahler potential”. In general, [%] does not
i0Zj

have to be positive definite everywhere, but if it is (such a function K is called
a strictly plurisubharmonic function), then i00K defines a Kéhler metric. In
this case the domain D is called strictly® Levi pseudoconvex (or just strictly
pseudoconvex). In particular, domains which are strictly convex in the usual
sense are strictly Levi pseudoconvex, so they carry a natural (complete) Kéhler
metric.

"Details will be the topic of a homework question.
8sometimes “strongly”
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Holomorphic sectional curvature of submanifolds

Recall that if M is a smooth submanifold of a Riemannian manifold (NN, g), then
the Levi-Civita connection of (M, g|as) is given by the orthogonal projection of
the Levi-Civita V connection on N, i.e. if we decompose VxY, X, Y € T'(T M),
as (VxY)T + (VxY)L, then the first term is the Levi-Civita connection of
M, and the second term is the 2nd fundamental form of M in N, denoted
by a(X,Y). The sectional curvatures of M and N are related by the Gauss
equation:

Ku(X AY) = Kx(X AY) + g(a(X, X),a(Y,Y)) - g(a(X,Y),a(X,Y))

(here X and Y are orthonormal). Now suppose that (N, g) is Kédhler and M is
a complex submanifold of N. Then g¢|ys is Kéhler. We have:

Proposition 4.4.2. The 2nd fundamental form of a complex submanifold M
of a Kdhler manifold (N, g,J) satisfies

a(JX,Y)=a(X,JY) = Ja(X,Y), VYp VX,Y € T,M.
Proof.
a(JX,)Y)=(VxJY)t = (JVxY)t = J(VxY)t = Ja(X,Y).

J parallel J orthogonal
The other equality follows from the symmetry of o in the two arguments. [
We immediately conclude:

Corollary 4.4.3. The holomorphic sectional curvature of a complex submani-

fold M of a Kdhler manifold (N, g,J) satisfies
Ky(XANJX)=Kny(X AJX) —29(a(X,X),a(X, X)), |X|=1.
In particular the holomorphic sectional curvature decreases in submanifolds. O

Observe that there is no statement corresponding to the last one for the
sectional curvature of Riemannian manifolds.

Further reading: For more on pseudoconvexity, see Chapter I of Demailly’s
book, in particular §1.7.

4.5 Kahler quotients

A fundamental construction in Riemannian geometry is that of Riemannian sub-
mersions, in particular quotients by a free, proper, and isometric group action.
A moment of thought shows that this cannot produce Kéhler manifolds from
a Kéhler manifold: even the dimension of the quotient may be odd. Instead,
there exists a different construction, which generalises that of the Fubini-Study
metric as §27+1 /ST
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Let (M, g,J) be a Kéhler manifold and let G be Lie group acting holomor-
phically and isometrically on M. For any element p of the Lie algebra g of G
we have the corresponding fundamental vector field X, on M:

Xolm = % (es”m)

Since G preserves the Kahler form w, Ly, w = 0. Hence, using Cartan’s magic
formula:

s=0 ’

0= prw = (diXp + ixpd)w = dixpw,
since w is closed. Therefore the 1-form ix, w is closed. We say that X, is
Hamiltonian if this form is exact, i.e. if there exists a function p? € C*(M)

such that ix,w = du”. Suppose now that every X, is Hamiltonian (e.g. when
M is simply-connected). Then we obtain a map p: M — g* given by:

p(m)(p) = p*(m).

We say that the G-action on M is Hamiltonian if the map p is equivariant,
i.e. p(g.m) = g.u(m), where the action of G on g* is the coadjoint action:
(9-9)(p) = ¢(Ady p). The map p is then called a moment map for the G-action.

Ezxample 4.5.1. Let M = C"*! with its standard Kahler structure, and let
G = 8! act by the coordinatewise multiplication. The fundamental vector field
X,, corresponding to p = it € u(1) is simply

(itzo, ..., itzy),

and hence
. . i n ) 1 n ) 1 n ) 1 n )
Ix,w =1x, (5 Z de/\de) = 3 ZtdeZk_i thkdzk = —§td(z |Zk| >
k=0 k=0 k=0 k=0
Therefore the action is Hamiltonian and the moment map is u(z) = %[z|? (or
1]2|> + ic for an arbitrary ¢ € R).
We are going to prove

Theorem 4.5.2. Let (M,g,J) be a Kihler manifold with an isometric, holo-
morphic, and Hamiltonian action of a Lie group G, and a moment map p :
M — g*. Let c € g* be a fixed point of the coadjoint action and suppose that the
action of G on u=(c) is free and proper. Then p=1(c)/G is a Kdhler manifold,
called the Kéahler quotient of M by G.

Proof. We need to show two things: that c is a regular value of u, and that
the Kéahler structure descends to u~*(c)/G. Since du(v)(p) = w(X,,v) and w is
nondegenerate, the kernel of dy has dimension dim M — dim(X,),c4. Therefore
any point m € M, at which the action is locally free, is a regular point for pu.
Consequently p~1(c)/G is smooth.

The tangent space to = !(c) consists of vectors v such that w(X,,v) =0, ie.
g(JX,,v) =0, for all p € g. The tangent space to the quotient x~*(c)/G at an
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orbit G.m can be identified with the horizontal subspace in Ty, *(c), i.e. with
vectors orthogonal to all X,. Therefore the tangent space to the Kahler quotient
p~t(c)/G at G.m is identified with the subspace H of T,,M orthogonal to
(X5, JX,)peq- Since J is a pointwise isometry, J acts on H, and, consequently,
p~1(e)/G is an almost complex manifold. Since the metric on M is Kihler,
its Levi-Civita connection V commutes with J. The Levi-Civita connection
of 1=1(¢)/G is just the projection of V onto H, and, therefore, it commutes
with J|z. Thus the almost complex structure of u=!(c)/G is parallel for the
Levi-Civita connection, hence integrable, and the induced metric on p=!(c)/G
is Kéhler. O

Ezample 4.5.3. Let us return to Example 4.5.1. Choose ir € g ~ u(1). The set
p~t(ir) is empty if 7 < 0 and a point if 7 = 0. Therefore the assumptions of the
theorem are satisfied only for 7 > 0. In this case =1 (ir) is the sphere of radius
2r in C" and the resulting Kihler metric on p~1(ir)/S! ~ §27*1/S1 ~ CP" is
a constant multiple of the Fubini-Study metric.

Toric Kahler manifolds

We shall now generalise this last example to quotients of a flat CV by a torus.
Consider the standard torus TV acting on C":

(e" . e™) (21, 2n) = (€M 2, eV 2y,

and let S be an (N — n)-dimensional subtorus of TV. If we perform a Kihler
quotient of CV with respect to S, then the result is a 2n-dimensional Kéhler
manifold on which the quotient torus TV /S ~ T™ (of half dimension) acts
isometrically, holomorphically, and has a moment map (i.e. the T™-action is
Hamiltonian). Such a Kéhler manifold is called toric.

We shall show that toric Kéhler manifolds are in 1 — 1 correspondence with
certain combinatorial data.

We view S as the kernel of the projection TV — T™. Passing to Lie alge-
bras?, we have an exact sequence

0—s-5RY 2R 0. (4.5.1)
Denote by u;, i = 1,..., N, the image of the standard generator e;, i.e. u; =
B(e;). In order to be able to exponentiate this exact sequence (i.e. in order that

S is an embedded subtorus) the coordinates of each u; must be integers. The
moment map for 7% is (via a calculation as in Ex. 4.5.1)

N
1
w(z1,. ., 28) = 3 Z |zi|%ex + c.
k=1

9We now identify the Lie algebra of a torus with RY, rather than iRV .
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Here we identified the Lie algebra of TV with its dual using the standard inner
product on RY. The moment map for S is now just the projection of 1 onto s*,
i.e. if we write aj, = t*(ex), where t* : RN — s* is the projection, then

N

1
ps(z1,...,2N8) = §Z|zk|2ak—|—c. (4.5.2)
k=1

The constant c is of the form

CcC =

N
g Ak
k=1

for some scalars A1,...,Ay € R. If S acts freely on ug'(0), then pug'(0)/S
is a smooth toric K&hler manifold M. The condition pg(z) = 0 means that

(S (2. + Adex) = 0, e Son_ (1z]* + A)er € Kere*. The sequence
dual to (4.5.1) implies then that fozlﬂzk\g + A;)ex € Im 8*. Since

N |

/6*('1') = Z<x7uk>ek>

k=1

s that 2 = (oo m) satifies ps(2) =0 i and only if there exists an
z € R™ such that
|2k + A\ = (z,up) Ye=1,...,N.

The point = € R" is then the image of S.z € M under the T"-moment map on
the Kéhler quotient M. Consider now the hyperplane Hy given by (z,ur) = Ag.
Points of M which map to this hyperplane satisfy z; = 0, and hence the circle
e acts trivially at those points. Therefore the hyperplanes Hj, are the images
of fixed point sets of circles in T™. It follows also that such a fixed point set has
(real) codimension 2 in M and locally M ~ X x R? where S! acts trivially on
X and in a standard way on R2. The moment map pg: for the circle action is
then just the moment map for the action on R? ~ C, i.e. $|z[%. It follows that
st maps M to one side of the hyperplane Hy, and consequently the image of
the moment map for the 7™ action on M is the intersection of half-spaces

<x,uk> Z)\k, kil,...,N.

Observe that such an intersection of half-spaces determines all the data needed
to perform a Kahler quotient: since we know the vectors u; we can determine
the subtorus S from (4.5.1), and since we know the constants A, we know c¢ in
(4.5.2). Therefore we can recover M from its image in R™. Of course, if M is to
be a manifold, then the hyperplanes Hy must satisfy certain conditions. I shall
just state them here and leave a proof as an exercise or to look up.

Proposition 4.5.4. The Kihler quotient ug'(0)/S constructed above is smooth
if and only if whenever m hyperplanes Hy,, ..., Hy,  have a nonempty intersec-
tion, then their normal vectors uy,, ..., ug, are part of a Z-basis of Z™ (recall
that the uy, have integer coordinates). In particular, at most n hyperplanes can
have a monempty intersection. O
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In particular, compact toric Kédhler manifolds of dimension 2n are obtained
from convex polytopes in R™, the supporting hyperplanes of which satisfy this
condition. Such polytopes are called Delzant polytopes.

Example 4.5.5. Consider the standard simplex A in R"™ with vertices at the
origin and the points (1,0,...,0),...,(0,...,0,1). The normal vectors to the

faces of A are u; = e1,...,u, = €n,Up41 = —€1 — - -+ — €. In particular, it is
a Delzant polytope. The subtorus S of T"*! determined by (4.5.1) has the Lie
algebra {(t1,...,tnt1); D teur = 0}, ie. ¢4 =to = -+ = t,41. The scalars A

are 0,...,0,—1, and the moment map pg is %(|z|2 — 1). Therefore (Ex. 4.5.1)
the resulting toric Kéhler manifold is CP" with its Fubini-Study metric.

Further reading: For more on (compact) toric Kédhler manifolds see the two
(very well written) Appendices in the book “Moment maps and combinatorial
invariants of Hamiltonian T"-spaces” by V. Guillemin (Birkh&user 1994).

For a beautiful introduction to toric geometry (as part of algebraic geometry)
see “Introduction to toric varieties” by W. Fulton (Princeton University Press,
1993).



Chapter 5

Calabi-Yau and
Kahler-Einstein

This chapter is about Ricci curvature of Kahler manifolds, in particular about
finding Kéhler metrics with “best” Ricci curvature.

5.1 Ricci curvature of Kahler manifolds

Recall that we have defined the Ricci form of a connection D on a complex
vector bundle as tr RP and showed that it is a closed 2-form. Suppose now that
E 5 M is a holomorphic vector bundle over a complex manifold and D is the
Chern connection of a hermitian metric h on E. Then in a local holomorphic
frame {eq,...,ex}:

tr RP = —00logdet[h;;], where hi; = (e, e;) = h(e;,e;).

Let now (M, J, g) be a Kéhler manifold. Then we have two Ricci curvatures on
the tangent bundle of M. On the one hand we have the the above Ricci form
on F =TM, where D is the Chern connection of the Kahler metric. We shall
usually make the Ricci form real:

Definition 5.1.1. The Ricci form p of a Kéahler manifold is defined as itr R”.
It is a real closed (1,1)-form.

On the other hand, one defines the Ricci curvature of any Riemannian metric:
Ric(X,Y) = tr(V — RY(V, X)Y)

where V is the Levi-Civita connection. It is a symmetric (2, 0)-tensor. Equiva-
lently we can define a (1, 1)-tensor

Ric: TM — TM, g(Ric(X),Y) = Ric(X,Y).

The two objects are related as follows:

95
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Proposition 5.1.2. On a Kdhler manifold
Ric(X,Y) = p(X,JY).
Proof. Recall the first Bianchi identity for any torsion-free linear connection:
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0.
Hence

Ric(X,Y) =Ric(Y, X) =tr (V+— R(V,Y)X) = tr(V — —JR(V,Y)JX)
=tr(V+— (JR(Y,JX)V + JR(JX,V)Y)).
On the other hand:
—Ric(X,)Y)=—-tr(V+— R(V,X)Y) =tr(V — R(X,V)Y)
=tr(JV— JR(X,V)Y) = tr(JV+— JR(JX,JV)Y)

tr is a
(1,1)-form

= tr(V+— JR(JX,V)Y).
JVeV
Therefore Ric(X,Y) = tr(V — JR(Y, JX)V) — Ric(X,Y) and so
1
Ric(X,Y) = gtr(V — JR(Y,JX)V).

Now choose a local orthonormal frame of TM of the form Fy, JE, Fy, JEs, ..., E,, JE,.
The last formula can be rewritten as

Ric(X,Y) Zg JR(Y,JX)E;, E;) + Zg JR(Y,JX)JE;, JE;)

= Zg (JR(Y, JX)E;, E;).

On the other hand we can compute the trace of the curvature of the Chern
connection with respect to the hermitian metric

h:ngq dzp, ® dzg = g — 1w.
Since Fy, ..., E, is a unitary frame of T'M, we have

tr R(X,Y) Zh (X,Y)E;, E;) = v— Z R(X,Y)E;, E;)

:—Fzg JR(X,Y)E;, E;).

Hence Ric(X,Y) = —itr R(Y, JX) = —p(Y, JX) = p(JY, X). O
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It follows (cf. p. 64) that we have the following simple formula for the Ricci
curvature of a Kéhler manifold in local complex coordinates

02 log det[g,q] _
Ric = —- R Z D20, dzpdzg.

Corollary 5.1.3. The Ricci curvature of a Kahler metric depends only on the
complex structure and on the volume form of the metric. O

Now, if we change the Kéhler metric from ¢ to ¢, then the volume form
changes from w™ to efw” for a real function f and the Ricci form will change to
p = p—iddf.

In particular, the Ricci form of a Kéhler metric varies in a fixed cohomology
class, which of course is 2mcy (TM) = 2meq (M).

We may ask, as we did earlier for the hermitian vector bundles, whether
any real closed (1, 1)-form ¢ with [p] = 2mci (M) is the Ricci-form of a Kéhler
metric? Equivalently, is any volume form p the volume form of a Kéhler metric?

This is the famous Calabi problem. The answer is yes, if M is compact (Yau,
1978).

Remark 5.1.4. Observe that we already know that we can find a hermitian met-
ric with prescribed Ricci curvature on any compact Kéhler manifold. Indeed,
we established in §3.4 that this is true on any manifold on which the global
d0-lemma holds, i.e. any real exact (1,1)-form is of the form i9df. In the last
homework you showed that this lemma holds on any compact Kahler manifold.
Of course the problem finding a Kdhler metric with prescribed Ricci curvature
is much harder.

Another natural condition on a Kahler metric is the Einstein equation: Ric =
Ag for some constant A (often expressed as “Ricci curvature is constant”). On
a Kahler manifold we can write this as

itrRY = p=w.

Such metrics are called Kdhler-FEinstein. Observe that a metric with constant
holomorphic sectional curvature has constant Ricci curvature, so we have first
examples of Kihler-Einstein manifolds: CP™, C", CH", with their standard met-
rics.

Ezample 5.1.5. Let M = G/H be a compact homogeneous Kéhler manifold (e.g.
projective spaces, Grassmannians, or flag manifolds). On such a manifold there
is only one (up to a constant multiple) G-invariant volume form (this is the
volume form of the normal metric, discussed in the “Riemannian Geometry”
course). Hence, owing to Corollary 5.1.3, the Ricci form of any G-invariant
Kéhler metric is a fixed real (1, 1)-form p. If one shows that p is positive definite,
then by taking p as the fundamental form of a Kéhler metric, one can conclude
that M admits a unique (up to a constant multiple) G-invariant Kéhler-Einstein
metric (with positive Einstein constant). This Ricci form p is indeed positive
definite, but a proof of this requires a substantial detour into Lie theory. See
Chapter 8 in Besse’s “Finstein manifolds (Springer, 1987).
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5.2 Calabi-Yau theorem

We have seen that the first Chern class of a Kéhler manifold is represented by
%p, where p is the Ricci form defined in the previous section. The following
question is known as the Calabi problem:

Let M be a complex manifold. Is any closed real (1,1)-form ¢ with [p] =
2me1 (M) the Ricci form of a Kdhler metric?

Yau showed in 1977 that the answer is yes if M is compact (after presenting
a (wrong) counterexample in 1973):

Theorem 5.2.1 (Calabi-Yau theorem). Let M be a compact complex manifold
which admits of a Kahler metric g with Kdhler form w. Any closed real (1,1)-
form @ with [p] = 2me1 (M) is the Ricci form of a unique Kdhler metric g in
the same Kdihler class as w (i.e. [w] = [@]).

Corollary 5.2.2. If M is a compact Kdhler manifold with ¢c1(M) =0, then M
admits a Ricci-flat Kdhler metric.

Ezxample 5.2.3. We have seen in Example 3.4.10 that the K3-surface
S = {[20, 21, 22, 23] € CP? | 23 + 21 + 23 + 23 = 0}
has vanishing first Chern class. Therefore S admits a Ricci-flat Kahler metric

(which is unknown explicitly).

We are going to discuss a proof of the Calabi-Yau theorem. We have seen
that the Ricci form of a Kahler metric depends only on the volume form of the
metric (once we fix the complex structure). If we change the Kéhler metric
g — ¢’, then the volume form changes by a conformal factor

W' — (W)™ = el
for some f € C*°(M) and the Ricci form changes as
pr—p = p—1i00f.

Now, if [¢] = [p], then the global 00-lemma implies that there exists an f
such that p — ¢ = i0df. Moreover, any two such f, f’ differ by a constant (on
each connected component), since their difference is harmonic. We can fix this

constant by requiring that
/ efwn = / w™.

M M
Observe that this last condition is automatically satisfied by any f such that
(W)™ = efw™ and [w'] = [w]. We therefore have an equivalent formulation of
the Calabi-Yau theorem:
(w/)n

wn

(recman [~ [ur)

M M

The map w' — log from the space of Kahler metrics in the Kdhler

class [w] to the set
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18 a bijection.

~ Let us now reinterpret the domain of this map: Since [w'] = [w], the global
00-lemma implies that w’ — w = ¢{9du for some real function u. Again, any two
such functions differ by a constant, which we can fix by requiring that

/uw":().

M

Thus we have two spaces of smooth functions:

IC:{uECoo(M);w+i(95u>0, /uw":O}
M

K/:{fecoo(M); /efw”:/w”}

M M
and a map Cal : K — K’ given by

(w + i00u)"
Cal(u) = log —n
The Calabi-Yau theorem says that Cal is a bijection (or even a diffeomor-
phism if we view K, K’ as oo-dimensional manifolds). In local complex coordi-
nates, if the given metric g is written as

g= ngg dzpdz,
then the map Cal is
2

u
Cal(u) = log det |:gpq + m

} — log det [g,g] -

This is an example of a complex Monge-Ampére equation®. It is highly nonlinear,
but it is a single equation (unlike the general Riemannian Einstein equations).
The simplest complex Monge-Ampere equation is

0%u _
det L%pazq] = h(%p,Zq)

for some (positive) function h on C". Finding a plurisubhamonic solution u, i.e.
82
sz(‘;%q A
found a Kéahler metric on C™ with Ricci form 00 logh (u is a Kéhler potential

of this metric). In particular, if & is constant, then a plurisubharmonic solution

one such that hermitian matrix [ ] is positive-definite, means that we have

LA (real or complex) Monge-Ampere equation is a second order PDE which involves the
determinant of the matrix of second derivatives. In 1781 Monge wanted to move “rubble” in
order to build a fortification, while minimising the cost. The problem can be expressed as a
real Monge-Ampeére equation.
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gives a Ricci-flat Kéhler metric on C™ (or on its domain of definition). The
solution u(z) = ¢y |2,|? gives the standard flat metric.

Returning to the proof of the Calabi-Yau theorem, we begin by showing that
the map Cal is injective (proved by Calabi in 1955):

Proposition 5.2.4. Let M be a compact complex manifold. The map Cal :
K — K’ is injective.

Proof. Suppose that w; and wy = w; + i00u have the same volume form. Since
forms of even degree commute, we have

n—1 n—1
0=wy —wi = (w2 —w1) A wa A wy= R = 500u A Zw’f Awy—kl
k=0 k=0
n—1 b1
for some u € K. The form o = 3 w¥ Awl " s an (n—1,n — 1)-form, which
k=0

in local coordinates can be written as
STMPTdzy Ao Adzy A Ndzg AdEL A AdEG A A den,

so that our equation becomes

- 0%
_ Pq
0 Z M 02p0%Zq

Let us multiply the equation 0 = i@duAc by 2u and use the identity 2i00 = dd*,
where d° = i(0 — ), to obtain:

0 = 2iuddu A o = udd“u A o = d(udu A o) — du A d°u A o.

Integrating yields
0= /du/\dcu/\a.
M

Since Ju = du + iJdu, we get

Oz/du/\Jdu/\U.
M

Since w; defines a Kéhler metric, we can find a local frame of the form {e1, Jeq,...e,, Je,}
such that

n n
w1 = E ej/\Jej, Wy = E ajej/\Jej,
j=1 j=1

where a; are strictly positive local functions. It follows that

n
k n—k—1
wi A wa =% E bire; N Je;
Jj=1
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where b;, = (factorials) Y~ aj, ...a; >0.If
J1<-<Jk
Js#J

du = Zaiei + Z@Jei, then Jdu = ZaiJei — Zﬁiei, and

du A Jdu Ao = {du A Jdu, x0) Wi = (Z(a? + ﬁ?)bjk>w?.

gk
Hence the integrand is positive and the equation 0 = [ du A Jdu A o implies
M

that a; = 8; = 0, i.e. du = 0, so u is constant, and therefore u = 0 since
Juwl =0. 0
M

We now turn to the surjectivity of Cal, i.e. to the existence of solutions to
the Monge-Ampere equation. We need the following simple lemma:

Lemma 5.2.5. Let g be a Kdhler metric, given in local coordinates by

9= gpz dzpdz,.

Then the O-Laplacian Ag = %Ad is given on functions by

_ 9%y _ _

In particular, the Laplacian on Kdhler manifolds does not depend on the deriva-
tives of the metric tensor.

Proof. The formula is evidently true on C", where g,5 = dpg. Therefore it is true
in Kahler normal coordinates at any point. The right-hand side can, however,
be written as

— % (i00u A w™ 1),

which means that the identity is independent of the choice of coordinates. [

Returning to the surjectivity of Cal, we observe, first of all, that any solution
u to our Monge-Ampere equation automatically belongs to K, i.e. w + i00u
defines a Kéhler metric. In local coordinates this means that [gpg + %} is
positive definite. This is obviously true at a point py, where u attains a local
minimum. Suppose that there exists a point p; at which one of the eigenvalues
is nonpositive. This means that on the path from p; to pg there is a point at
which one of the eigenvalues is zero. But this contradicts the Monge-Ampeére
equation, which can be rewritten (in local coordinates near p;) as:

det gf—l—ﬂ det[gyg] ' =e >0
pq azpa?q pq :
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Thus the problem of positivity of the metric is out of the way and we ”only”
need to solve Cal(u) = f for some given f. For this one uses the so-called
continuity method. We consider the set

I(f)={t €[0,1] ; Cal(u) =tf has a solution}.

Since Cal(0) =0, 0 € I(f). We need to show that I(f) is open and closed. First
of all, we need to decide on a Banach space in which we seek solutions. These
are the Holder spaces C%%(M), o € (0,1). Recall that the C%“-semi-norm of
a function is

)

, lo(x) — ¢(y)]
® =Ssup ————5—
|| ||O7a x#y |ZL' o y‘Oé

and ¢l = ellcw + max [ D2l

Lemma 5.2.6. Let u be a C*®-solution of Cal(u) = f, where f is smooth.
Then u is smooth.

Proof. In local complex coordinates the equation is:

2

U T ogdet [g,] = .
+azpazq] og det [gq] = f

log det [gpg

Differentiate this with respect to any local coordinate x, and get:

tr | O f—i—ﬂ f—&—ﬂ - = something smooth
© 91T 92,07, |9 T 2,07, - &

After swapping the matrices under tr, and assuming that u € C*, k > 2, this
can be written as:

1
fiAg“ (Dpu) + (something in C¥~2%) = smooth.
A,, is a second order elliptic operator with C*~%%-bounded coefficients (owing
to Lemma 5.2.5). The usual Schauder estimates? imply now that d,u € C*,
i.e. u € C*1Le and repeating shows u € C>(M). O

Let us show that I(f) is open. Write w, = w + i0du and compute the
differential of the map Cal:
0 (w+i00(u + ev))” ni@év Awn—t 1

= 1 =—=A,v.
Oe|._, ©8 wn wn g "9u?

Since the Laplacian is an isomorphism between C*1t2 and C*“, a version of
the inverse function theorem implies that Cal is an open maping and hence I(f)
is open.

2See, e.g., D. Gilbarg and N.S. Trudinger “Elliptic Partial Differential Equations of Second
Order”, Springer (1983, 2001).
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It remains to show that I(f) is closed, or, equivalently, that Cal is a proper
mapping. Let t, € I(f) and ¢, — t € [0,1] and let u,, be the correspond-
ing unique smooth solutions of Cal(u) = t,f. If @ > 3, then the inclusion
C?%(M) — C?P(M) is compact (i.e. the image of a bounded set is relatively
compact) - this is similar to usual Arzela-Ascoli theorem. Thus as soon as we
have a uniform estimate of the C*“-norm of the u, for some «, then (u,) has
a convergent subsequence in C%#(M), B < «, and hence t € I(f).

Therefore one needs a priori C?%-estimates on solutions. About this part,
which is of course the key to the proof, I shall say only a few words. C%-estimates
are very hard, and due to Yau. CZ-estimates are obtained by differentiating
Cal(u) = f twice as above, and getting an estimate on Aju. C3-estimates
are then obtained by the following trick, which is due to Calabi. Consider the
positive function:

S=>" gl Py (305#) (%mU) -

The Laplace equation for S, together with C2-estimates on u, gives an estimate
on S. Since the C?-estimates are estimates on ¢, i.e. on the coefficients on S,
this yields C3-estimates on w.

Remark 5.2.7. Tt is now known that this last trick is actually a property of equa-
tions of Monge-Ampere type: the C?*-estimates follow from the C?-estimates
(see Gilbarg and Trudinger, op. cit., Theorem 17.14).

Further reading:

(i) For all the analytic details of the proof, see (apart from Yau’s original
paper) Chapter 5 of D. Joyce’s book “Compact manifolds with special
holonomy” (OUP 2000).

(ii) As we have seen, not every compact manifold manifold admits a Kéhler
metric. On the other hand, as mentioned at the end of §4.2, every
compact complex manifold admits a Gauduchon metric, i.e. one where
00w™ ! = 0. Motivated by the Calabi-Yau theorem, Gauduchon asked in
1984 whether we can prescribe the Ricci curvature of a Gauduchon
metric. This has been proved in 2017 by G. Székelyhidi, V. Tosatti, and
B. Weinkove, “Gauduchon metrics with prescribed volume form”, Acta
Math., 219 (2017), 181-211. It is perhaps worth pointing out that, since
the global 90-lemma does not need to hold on M, one seeks a metric with
the Ricci form in the same Bott-Chern cohomology class as 2mey (M).

5.3 Aubin-Yau theorem

The Calabi-Yau theorem implies, in particular, that on any compact Kéhler
manifold M with ¢1 (M) = 0 there exists a Ricci-flat Kahler metric. This solves
the problem of existence of Kahler-Einstein metrics with zero Einstein constant,
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but what about nonzero Einstein constant, i.e. K&hler metrics which satisfy
p = dw, A # 07 Clearly we require ¢1(M) > 0 or ¢1(M) < 0 (as defined in
Remark 4.3.10). The Calabi-Yau theorem gives only a weaker conclusion:

Corollary 5.3.1. If M is a compact complex manifold with c¢1(M) > 0 (resp.
c1(M) <0), then M admits a Kdhler metric with positive (resp. negative) Ricci
curvature.

Remark 5.3.2. Observe that if ¢;(M) > 0 or ¢;(M) < 0, then M admits a
Kahler metric.

The case of ¢1(M) < 0 has been completely answered by Aubin and Yau
(independently):

Theorem 5.3.3 (Aubin-Yau). Let M be a compact complex manifold with neg-
ative first Chern class. Then M has a unique (up to rescaling) Kdhler-FEinstein
metric (with negative Einstein constant).

Ezample 5.3.4. Let M C CP™ be the smooth zero set of a homogeneous poly-
nomial of degree d. The same computation as for the K3-surface (Ex. 3.4.10)
shows that

cil(M)=(n+1-4d)c;(CP")|p.

Therefore, provided d > n+ 1, such an M carries a Kéhler-Einstein metric with
A <0.

Sketch of a proof. Choose A < 0. Since ¢1(M) < 0, there exists a positive real
(1,1)-form w such that Aw € 2meq(M). In particular g(X,Y) = w(X,JY) is
a Kahler metric. We seek a Kahler-Einstein metric ¢’ with Kahler form w’,
Ricci-form p’ and Einstein constant A, ie. p/ = Aw’. Since p' € 2mei (M),
Aw' € 2mey (M) and so, once again, [w] = [w’] means that

W —w=100u <= p —p=—i0dCal(u).

Since [p] = [A\w], there exists a smooth function f, unique up to an additive
constant, such that p — Aw = 4090 f, and this can be rewritten as

p—p =X — Mo —i00f = NidOu — i00f.

Therefore —i0d Cal(u) = —idI(f — Au). Thus we need to show this time that
there exists a unique solution to the equation Cal(u) = —Au + f for a given
f, where u € IC and A < 0. This is a different Monge-Ampere equation. The
positivity of w +i00u follows as before, as do the uniqueness and the regularity.
For the existence on uses again the continuity method, i.e. one considers the set

I(f)={t€0,1]; Ju:Cal(u) = —Au+tf}.

Again 0 € I(f) (u=0is a solution). I(f) is open, since the linearisation of the
equation is

1
—§Aguv +Av=0
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and the Laplacian does not have negative eigenvalues:

0> /2)\v2wﬁ = /(Av,v>wﬁ = /(d*dv,v)wﬁ = /(dv,dv>wﬁ >0,

M M M M

which is a contradiction. Therefore the linearised map is again an isomorphism
and the inverse function theorem implies that Cal(u) 4+ Au is an open mapping.

For the remainder (i.e. the closedness of I(f)) one needs estimates similar to
those in the Calabi-Yau theorem. This time, however, they are easier to obtain
(and the Aubin-Yau theorem was proved before Theorem 5.2.1). In particular,
a C%-estimate is very easy: we have a solution of

log(w + iaéu)” —logw"™ = —Au + f,

which means that at a maximum (resp. minimum) of 4 we have —Au + f <0
(resp. —Au + f > 0). Therefore, at any m € M, [u(m)| < |A|” "sup,, | f]- O

Remark 5.3.5 (Extremal metrics). K&hler-Einstein metrics can exist only if
c1(M) is positive, negative, or zero, and then only in this cohomology class.
But suppose we choose an arbitrary cohomology class Q € H(%R(M ). What
would be the “best” Kéahler metric in this class (i.e. with [w] = )7

One option is to look for metrics with constant scalar curvature® S. More
generally, one looks for critical points of the functional (also called Calabi func-
tional)

Qo>wr— / S(w)?w™. (5.3.1)
M

Such a metric is called extremal. One can show that a Kahler metric is extremal
if and only if the (1, 0)-part of the (Riemannian) gradient of the scalar curvature
is a holomorphic vector field. This means that on a compact complex manifold,
which does not have global holomorphic vector fields (i.e. H°(M,T"°M) = 0),
any extremal metric has constant scalar curvature. In general, there do exist
extremal metrics with non-constant scalar curvature. There also exist projective
manifolds without any extremal metrics.

Further reading: For more on extremal metrics, see §11.E in Besse’s
“Binstein manifolds”, or “An Introduction to Extremal Kdhler Metrics” by G.
Székelyhidi (AMS, 2014).

3Scalar curvature is the trace of the Ricci curvature.
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5.4 Obstructions in the case ¢;(M) >0

In the remaining case, ¢; (M) > 0, any attempt to prove Theorem 5.3.3 encoun-
ters problem after problem. Certainly the uniqueness statement fails: consider
the Fubini-Study metric g on CP™ which is Kahler-Einstein. Let ¢ be a notrivial
biholomorphism of CP™ which is not an isometry, i.e. € PGL(n+1,C)\PU (n+
1). Then ¢*g is a Ké&hler-Einstein metric different from g.

The openness of I(f) cannot be proved in the same way as for ¢; < 0.
This is not critical; Aubin has shown how to overcome this. Instead of solving
Cal(u) = —Au + tf, we consider the equation Cal(u) = —tAu + f. Calabi-Yau
theorem implies that this has a solution for ¢ = 0. If u is a solution for some
t >0, and we set wy = w + i00u, then the Ricci form of wy is

Pt = /\twt + )\(1 — t)wo.

Therefore the Ricci curvature is greater than At if t < 1. The linearised operator
is —%Agt +t\. We can now appeal to a result of Lichnerowicz (proved in the next
subsection), who showed that the first nonzero eigenvalue A1 of the Laplacian on
a compact Kéhler manifold with Ricci > p > 0 satisfies Ay > 2u. Hence, in our
case, the linearised operator is invertible for any ¢ € [0,1) for which a solution
exists. This is enough for the continuity method to work, provided we can show
that I(f) is closed. This, as explained above, requires apriori estimates. The
C?- and C3-estimates do not depend on the sign of A and continue to hold.
However, the C%-estimate might fail! For a good reason, too: there are compact
Kahler manifolds with ¢; > 0, which do not admit Kahler-Einstein metrics.

The obstructions, as we shall now see, have to do with automorphic (i.e.
real-holomorphic) transformations of Kéhler manifolds.

Killing vector fields on compact Kahler-Einstein manifolds

Recall that a Killing vector field X on a Riemannian manifold (M, g) is the
same as an infinitesimal isometry, i.e. Lxg = 0. On the other hand, a real-
holomorphic vector field (Definition 1.5.11) is an infinitesimal automorphism of
the complex structure, i.e. LxJ = 0. In other words X is the real part of a
global holomorphic vector field.

As we shall now see, on compact Kahler-Einstein manifolds real holomorphic
and Killing vector fields are closely related. First of all, we have the following
application of the Hodge-de Rham theorem:

Theorem 5.4.1. An infinitesimal isometry on a compact Kdahler manifold is
also an infinitesimal automorphism of the complex structure. In other words, a
continuous group of isometries preserves the complex structure as well.

Proof. Let ¢, : M — M be a continuous 1-parameter group of isometries, t € I,
¢o = 1d, i.e. ¢; is obtained by integrating tX, where X is a Killing vector field.
Let w be the fundamental form of the Kéhler metric, i.e. w(v,w) = g(Jv,w). We
need to show that ¢fw = w. On a Kéhler manifold, w is parallel, hence closed
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and co-closed, hence harmonic. Since each ¢, is an isometry, it commutes with
the Hodge star, so it takes harmonic forms to harmonic forms. The Hodge-de
Rham theorem implies that we have the commutative diagram

gH ) 2 g

T
HE (M) 2 HE (M),

The upper horizontal map is the identity since each ¢; is homotopic to identity.
Therefore the lower horizontal map is also the identity. O

Remark 5.4.2. Observe the difference with the non-compact case: the Euclidean
metric on C™ is preserved by all A € SO(2n,R), but the complex structure only
by A € U(n) C SO(2n,R). Observe also that the above is statement false for
discrete groups of isometries, e.g. antipodal map on S? ~ CP!.

We are now going to prove (A denotes the Riemannian Laplacian):

Theorem 5.4.3 (Matsushima). Let M be a compact Kdhler-Einstein manifold
with nonzero FEinstein constant A\. Then the Killing vector fields are in 1 — 1
correspondence with functions u such that Au = 2 u. In particular, if A < 0,
then there are no Killing vector fields on M, i.e. the isometry group of M is
discrete.

Proof. First of all, the second statement follows from the first by integration:
2)\/u2 :/uAu:/<du,du>.
M M M

For the first part, we need:

Lemma 5.4.4. Let X be a real-holomorphic vector field on a Kdahler manifold.
For any smooth function f we have:

2i(X) (V=100f) = JA(X(f) + d((JX)(f)).

Proof. First of all 24/—190 = dJd. Using Cartan’s magic formula Lx = di(X)+
i(X)d for differential forms, we obtain:

W(X)dJdf = Lx (Jdf)—di(X)Jdf = JLx(df)+di(JX)df = Jd(X(f))+dLx f.
O

Proof of the theorem: Suppose that X is a Killing vector field (hence auto-
morphic, due to Theorem 5.4.1) and apply this lemma to the local function
f = Indet[g;;]. We obtain

—2i(X)p = dLJX In det[gij]
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since X is Killing. Now L jxw™ = hw" for some h € C*°(M), which means that
Lyx Indet[g;;] = h. Hence i(X)p is exact, and since i(X)p = X\i(X)w and X # 0,
i(X)w is exact. We can therefore write i(X)w = du for some u € C*° (M), which
means that gradu = JX (du(Y) = w(X,Y) = ¢(JX,Y)). On the other hand,
for any f € C*°(M), Lgrag jw"™ = —(Af)w™. Therefore

hw" = Lyxw" = Lgraduw" = —(Au)w™,
which means that h = —Awu. Consequently:
dAu = —dh = 2i(X)p = 2Mi(X)w = 2)du,

ie. d(Au — 2 u) = 0 and Au — 2)u is constant on each connected component.
Since w is defined only up to an additive constant and \ # 0, we have exactly
one u such that Au = 2\u.

For the other direction we need the aforementioned result of Lichnerowicz:

Theorem 5.4.5 (Lichnerowicz). Let M be a compact Kdhler manifold with
Ricci curvature > X > 0. Then the first nonzero eigenvalue A1 of A satisfies
A1 > 2)\. Equality implies that the gradient vector field X = grady of any
eigenfunction ¢ for X is automorphic and satisfies Ric(X) = \X.

Before proving this, let us see how Theorem 5.4.3 follows. Let u € C*°(M)
satisfy Au = 2Au. Theorem 5.4.5 implies that X = grad v is automorphic and
Ric(X) = AX. Hence, for any vector field Y,

p(JX,)Y)=—p(X,JY)=—Ric(X,Y) = —g(Ricci(X),Y) = = g(X,Y) = =Adu(Y),

and so i(JX)p = —Adu, i.e. i(JX)w = —du, i.e. Lyxw = 0. But we also have
LjxJ =JLxJ =0, and hence JX is an infinitesimal isometry.

It remains to prove the Lichnerowicz theorem. Let X be a vector field on a
Kahler manifold and consider VX as an endomorphism of the tangent bundle
z+— V,X. We can decompose:

1 1
VX:V170X+V0’1X:E(VX—JoVXoJ)—i—i(VX—kJoVXoJ).

X is automorphic if and only if VX o J = Jo VX, ie. VO1X = 0. We now
compute
V(JoVXolJ)=JoV*(VXoJ)=—Ric(X),

since Ric(X) = > R(E;, JE;)JX for a local frame {Fy,JE1,...,E,, JE,}.
Therefore

1
V*VX = §(v*vx + Ric(X)) + V*VO X,
which is equivalent to

2V*VP1X = V*VX — Ric(X). (5.4.1)
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We need one more ingredient from Riemannian geometry: the Bochner identity*
says that on a Riemannian manifold

(Axb)ﬁ = V*VX + Ric(X).
If ¢ is an eigenfunction of the Laplacian, i.e. Ay = puy, then X = grad ¢ satisfies
(AX*)" = (Adp)t = (dAp) = pldp)t = pX.
The Bochner formula yields X = V*VX + Ric(X), which we can rewrite as
V*VX = (p—20)X + (2A\X — Ric(X)).
Formula 5.4.1 gives now:
\ARVASD = %(u —20)X + (AX — Ric(X)).
Therefore Ric(X) > X implies

0 < [|[VOIX[2 = (VOIX, VO X) 12 = (VOLX, VX) = (VYOI X, X)
—_————
L2 —norm

1 .
= 5 (1= 2V)||X[)3 + (AX — Ric(X), X) < 5 (1 = 20| X |3,

—_

and hence X = grad ¢ is nonzero only if p > 2X. Moreover the equality is
equivalent to V%!(X) = 0 and AX = Ric(X).

This finishes the proof of the Lichnerowicz theorem, and hence also the proof
of Theorem 5.4.3. We have the following important application:

Theorem 5.4.6 (Matsushima). Let M be a compact Kdhler-Einstein manifold
with positive Einstein constant. Then any infinitesimal automorphism X of the
complex structure is of the form X = X1 + J X3, where X1 and Xo are Killing
vector fields.

Proof. Recall the formula from Lemma 5.4.4:
2i(X)V=100f = JA(X(f)) + d((JX)(f)), Yfe C=(M).
In particular, applying this to f = —Indet[g;;] yields
2i(X)p = Jdhy + dha,
where

X (det[gi;])

hi1 = X(—Indet[g;;]) = — det[g;;]

5 hg = JX(— lndet[gij]).

4See, e.g., P. Petersen “Riemannian Geometry” (Springer, 2006), Corollary 7.21 (p. 216).
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Therefore hjw™ = —Lxw™ and how™ = —Ljxw™. Since p = Iw, we get
2i(X)w = Jd ( ) ( S ) Since w is nondegenerate, there exist vector fields
Y1 and Y5 such that

it =aa (g+) i =a(52).

so that X =Y + Ys. It follows that Ly,w = 0 and L;y,w = 0. Now

h ha
i(JYa)g = i(Yo)w = d <;> — grad (%) = JY,.

On the other hand

ha
no__ _ n _ _ n _ s n
hzw = LJXw Lyviwn=0 LJy2w A(2>\>w .
Therefore Ahy = 2Ahy and Theorem 5.4.3 implies that Y5 is a Killing vector
field. The same argument shows that JY; is Killing. O

This gives the following restriction on the group of biholomorphisms of com-
pact Kahler-Einstein manifolds:

Corollary 5.4.7. Let M be a compact complex manifold. If M admits a Kdahler-
Einstein metric with A > 0, then the Lie algebra of the group of biholomorphisms
of M is reductive, i.e. the complexification of the Lie algebra of a compact Lie

group.

Proof. Follows immediately from the fact that the isometry group of a compact
Riemannian manifold is compact. O

Remark 5.4.8. The conclusion of this corollary holds already for compact Kéhler
manifolds with constant scalar curvature. This is due to Lichnerowicz; see
Besse’s “Finstein manifolds”, Proposition 2.151.

The Futaki invariant

Another obtstruction to existence of Kéhler-Einstein metrics with A > 0 is given
by the so-called Futaki invariant, which is a linear functional on the space a(M)
of real-holomorphic vector fields (recall that a(M) ~ H°(M,TY°M)). First of
all define, on any compact Kéahler manifold, a Ricci potential to be a function F'
such that p—4iJ9F is harmonic. Such an F exists: let v be the unique harmonic
form in [p] = ¢1(L); then p — v is an exact real (1,1)-form, and hence of the
form iOOF (due to the global 0-lemma). We can make F' unique by requiring
that its integral over M vanishes. The Futaki invariant is defined as

FXO) = | X(P)r, X € a(M).
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Proposition 5.4.9. Let (M,g) be a compact Kdhler manifold. If the scalar
curvature of g is constant, then the Ricci potential F is identically zero. Con-
sequently, the Futaki invariant vanishes as well.

Proof. From the definition of F, p = ¢ +i00F, where ¢ is harmonic. Therefore
the scalar curvature S satisfies %S =trp=tro+ %AF. Since ¢ is harmonic,
its trace is constant, so S = const implies that AF is constant, hence equal to
zero, and so F' must be zero. O]

Remark 5.4.10. The definition of the Futaki invariant may seem strange at first
sight. One reason for interest is that F actually depends only on the cohomology
class of w and not on the metric itself (see Corollary 2.160 in Besse’s “Finstein
manifolds”). Even more importantly, it turned out that a generalisation of the
Futaki invariant, due to Donaldson, is precisely what one needs in order to
characterise compact complex manifolds with ¢; > 0 which admit a Kahler-
Einstein metric.

5.5 Blowing-up and examples with no Kahler-
Einstein metric

We are going to give an example of a compact Kéahler manifold with ¢; > 0
which does not satisfy the conclusion of Corollary 5.4.7 and therefore has no
Kaéhler-Einstein metric. In order to do this, we need one of the most important
constructions in complex geometry® - blowing up a point or, more generally, a
subvariety.

We begin with the local construction. Let A be a disk in C”, centred at the
origin and define

A= {(z,)) e A x cP 2 e U={((z1,-- s zn), [l -, l))s 2ily = 2503}
We have the projection
A A w(zl) =z

If z # 0, then there is a unique line through 0 containing z, so that « is an
isomorphism away from 0 € A. On the other hand 7—'(0) = CP""*. The
manifold A with the projection onto A is called the blow-up of A at 0. Observe
that it effectively separates all lines passing through 0; one should think of it as
parametrising points of A and tangent directions at 0.

Observe also that for A = C™ the projection onto the other factor, Cr —
CP"', identifies C with the tautological line bundle J on CP" .

5Blowing-up is becoming increasingly important in real differential geometry. For example,
it is used to describe the asymptotic behaviour of large classes of complete Riemannian metrics.
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Let now M be a complex manifold of dimension n and U a neighbourhood
of z € M biholomorphic to A. We define the blow-up M, of M at x to be the
complex manifold obtained by replacing U with its blow-up U ~ A, i.e.:

M, = (M\U)UU.

Again there is a projection 7 : M, — M which is an isomorphism away from
. The inverse image E, = 7~ () ~ CP" ! is called the exceptional divisor of
the blow-up.

Remark 5.5.1. More generally, we can blow up a complex submanifold Y of M
by replacing Y with the projectivisation of its normal bundle Ny = TM|y /TY .
Intuitively, we separate all normal directions at every point of Y.

We are going to compute the first Chern class of a blow-up at a point. We
compute in the second cohomology group. We can decompose M = M, as
the union of M\E ~ 7~'(M\{z}) and a tubular neighbourhood W of E in

M. W is isomorphic to a neighbourhood of the zero section in the normal
bundle of E. We may assume that n = dim¢ M > 2, since blowing up is a
trivial operation in dimension 1. The Mayer-Vietoris sequence implies then
that ¢; (M) = ¢1 (M\{z}). On the other hand ¢;(M\FE) ~ 7*c1(M\{z}) (since
7 is an isomorphism outside z), and hence cl(M\E) =7m*c1(M). Since W\E is
isomorphic to punctured disk and n > 2, W\ E has no cohomology in dimension
1 or 2. Therefore the Mayer-Vietoris sequence implies that ¢; (]T/f )=m*c1(M)+
c1(W). We need to compute ¢1 (W) = ¢; (TW). Since W can be deformed to E,
we only need to compute ¢y (TW’ ). Since the normal bundle of E is isomorphic
to the tautological bundle .J on CP"~!, the projection W — E induces an exact
sequence
0—J—=TW|, —TE -0,

where J is the tautological bundle on E ~ CP"*~!. Therefore
A (TW|,) ~J QAN T'TE=J Q@ Klpn 1~ J@QH" ~ H" ",

Thus, finally:

a(M)=1"ct(M)+ (n—1)c1(H).
We can identify the class ¢;(H) as follows:

Lemma 5.5.2. The line bundle J on E is isomorphic to [E]|g.6 Consequently,
c1(H) = —ng, where ng is the Poincaré dual of E, and

a(M)=1"c1(M)— (n—1)ng. (5.5.1)

Proof. The first statement is local, so we can assume that M = A. Consider the
pullback of J = O(—1) from CP"~! under the second projection A — CP"~1.
This bundle has a section s : (z,1) — ((z7 1), z), which vanishes along E. This
proves the first statement, and the second one follows from Theorem 3.5.7. [

SRecall the definition of a line bundle corresponding to a divisor from §3.5.
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Del Pezzo surfaces

We shall now investigate the positivity of the first Chern class of the blow-up
of CP? at several points. First of all, we have:

Proposition 5.5.3. Let S be the blow-up of CP? at one or two points. Then
01(5) > 0.

Proof. Consider first the blow-up at one point, say p = [1,0,0]. In terms of
local coordinates [zg, 21, 22] the local coordinates near p are z1/zo, 22/20 and the
definition of the blow-up given above means that we can describe the blow-up

S = (a/lﬂp as a hypersurface in CP? x CP':
{([z), [w]) € CP? x CP; zyw; — 20wy = 0}.

We have shown in (3.4.2) that K§ ~ Kj\‘/[|M ® N%, where M = CP? x CP*
and Ng is the normal bundle of S in M. Let m, 72 be the projections from
CP? x CP" onto the two factors. Then TM ~ 73TCP? @ n3TCP' and taking
the exterior powers show that K3, ~ 75Ocp2(3) @ m5Ocp1(2). On the other
hand, since S is defined by an equation of degree 1 in z and of degree 1 in w,
Ng ~ (7} Ocpz2 (1) @ 75 Ocpa (1)) ‘ s+ Combining these formulae yields:
K& ~ (71 Ocp2(2) @ 15 O0cpr (1)) | .-

Both O¢pz(2) and O¢p1 (1) have hermitian metrics with positive Ricei form. The
Ricci form of the tensor metric on (7} Ogpz2(2) ® m5Ocp1 (1)) is just the sum of
the two Ricci forms, so it is positive, and of course it remains positive when
restricted to S. Thus ¢;(S) > 0.

For two points, we can similarly describe the blow-up S as submanifold of
CP? x CP' x CP' cut out by two equations of degrees (1,1,0) and (1,0,1). A
similar computation gives now

Kg ~ (WTOCPQ(]-) X ’/T;O(C]Pﬂ (1) (39 ’/T;O(C]Pl (1)) |S’

and again we can conclude that ¢1(S) > 0. O

The argument in the proof clearly breaks down for a blow-up at 3 points.
Nevertheless one can show (although we shall not do this) that the blow-up of
CP? at three points still satisfies ¢; > 0, provided these three points do not lie
on a line (i.e. (CIE”l) in CP?. So can we get 2-dimensional projective manifolds
with ¢; > 0 by blowing up CP? at an arbitrary number of points? The answer
is no, as we shall now see.

Clearly if a cohomology class a € H"! (M) is positive then [, o™ > 0 for any
m-dimensional submanifold (or subvariety) Y of M.” We are going to compute
g c1(S)? for blow-ups of CP?.

We need a preparatory result:

"Remarkably, if & = c1(L), then the converse is also true. This is known as the Nakai-
Moishezon criterion.
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Lemma 5.5.4. Let E be the exceptional divisor of the blow-up of CP? at a
point. Then the self-intersection number of E is —1, i.e. np Nng = —1.

Proof. Without loss of generality we may assume that we blow up « = [1,0,0].
Consider the meromorphic function f = 21/29 on CP? and its composition
f = fom with 7 : CP2 — CP2. The divisor of f is E + Hy, — Hy, where Hy, H,
are the pullbacks of hyperplanes {zg = 0}, {z; = 0}. This means that the
line bundles [E] and [Hy — H;] are isomorphic, and hence, owing to Theorem
3.5.7, ng = N, — nu,. Now observe, directly from the definition of the blow-
up, that E does not intersect Hy and it intersects H; in one point. Hence
EE=FE.(Hy— Hy)=-1. O

Remark 5.5.5. Since blow-up is a local construction, this lemma is valid for any
complex surface S. The fact that E.E = —1 means that we cannot move F
inside Sp. Indeed, if we could, then F and its deformation E’ would intersect in
one point, but with opposite orientations. This means that E’ is not a complex
submanifold of Sp.

Let us now blow up CP? at k distinct points x1,...,2z;. We know from
(5.5.1) that
c1(CP?,, . 2) = c1(CP?) —np, — - =g, = 3e1(H) — nm, — -+ — 15,

Therefore (where we identify highest cohomology with C via integration)

c1 (EI\PJQ$ e 2= 3c1(H)— nE, 2= 9772 1 —6 Nept - NE; + 772_ =9—k.
( 1 k) ( ( ) ; ) CP ; CP ; E;
=MNcpl =1 =0 =—1

Thus ¢ (C]P’th.__?mk) can be positive only if £ < 8. It turns out that for a

generic choice of up 8 points, the first Chern class of this surface is indeed
positive. These manifolds are known as del Pezzo surfaces®.

We shall now relate the group of automorphisms (i.e. biholomorphisms) of
a surface to that of its blow-up.

Proposition 5.5.6. Let S be a complex surface and §p the blow-up of S at

p € S. Then the connected component of identity Auto(S,) of the group of
automorphisms of S, is isomorphic to the stabiliser of p in Auto(S):

Auto(S,) ~ Auty(S, p) = {® € Auto(5) ; ®(p) =p}.

Proof. If &' € Aut(S,), then U*ng-¥*ng = —1. Therefore ¥ maps E to another
curve with self-intersection —1. If U is close to identity then, as explained in
Remark 5.5.5, this curve must be E, so that Autg (§p) preserves F, and hence
preserves gp\E. The restriction of ¥ to §p\E defines an element of Autg (S, p).
Conversely, an automorphism ® € Auty(M,p) defines an automorphism @ of

§p by setting (i)|§,,\E = ®g\(p) and ®|p = dd, (recall that E ~ P(T},5)). O

8A del Pezzo surface is, by definition, a 2-dimensional projective manifold with ¢; > 0.
The only one which is not a blow-up of CP? is CP! x CP'.
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We can finally give examples of compact complex manifolds with ¢; (M) > 0
and no Kahler-Einstein metric.
Ezample 5.5.7. Consider the blow-up of CP? in one or two points, say p; =
[1,0,0] in the first case, and p; = [1,0,0], p2 = [0,1,0] in the second case. We
know from Proposition 5.5.3 that these surfaces have positive first Chern class.
Proposition 5.5.6 implies that

* %

Auto (652,,1) - € PGL(3,C) %,

O O ¥

*

*

Auto (CP2,, 5, ) = € PGL(3,C)

*
O *x O * ¥ ¥
* *

o o

These groups are nonreductive, and therefore Corollary 5.4.7 implies that (CIP’zpl,
CP?,, », do not admit Kihler-Einstein metrics.

Remark 5.5.8. For 3 points, the corresponding group will be nonreductive only if
the 3 points are collinear. But then, as remarked after Proposition 5.5.3, the first
Chern class of the blow-up is not positive. In fact, all other del Pezzo surfaces
(i.e. apart from blow-ups of CP? at one or two points) do carry a Kéhler-Einstein
metric. This has been shown by G. Tian, “On Calabi’s conjecture for complex
surfaces with positive first Chern class”, Invent. Math. 101 (1990), 101-172.
For a readable exposition of the proof, see V. Tosatti, “Kdahler-FEinstein metrics
on Fano surfaces”, Expo. Math. (30) (2012), 11-31.

Remark 5.5.9. It is now known which projective manifolds with ¢; > 0 admit
a Kéhler-Einstein metric. For this, one needs to consider the Futaki invariant
not just of a given manifold M, but of its possible degenerations, i.e. complex
spaces M with a morphism M — C such the fibres M, over z # 0 are all
isomorphic to M (but at z = 0 nasty things can happen to M). The space M
has to satisfy certain conditions; in particular, there is also a line bundle £ over
M, which restricted to fibres over z # 0 is isomorphic to K},, and the pair
(M, L) is equipped with an action of C* covering the standard action of C* on
C.? One can then define the Futaki invariant Fo of the central fibre Mg, and M
is said to be K-polystable if Fy > 0 for all such deformations M with equality if
and only if M ~ M x C. In 2012 X.X. Chen, S. Donaldson and S. Sun proved
that a projective manifold M with ¢; (M) > 0 admits a Ké&hler-Einstein metric
if and only if M is K-polystable. This result is the culmination of almost 60
years of efforts by many famous mathematicians.

An analogous characterisation of manifolds admitting a constant scalar cur-
vature Kahler metric, or, more generally, an extremal metric, is still unknown.
It should also be related to K-stability, but a precise formulation, not to mention
a proof, is still unclear.

9The remaining condition is that the projection M — C is flat. I shall not attempt to
explain what this means, since “for every geometric description of flatness there is a coun-
terexample”. It does guarantee, however, that the degenerations are reasonably well-behaved.



Chapter 6

Kodaira embedding
theorem

Every projective manifold is Kahler, but not conversely. This chapter is con-
cerned first of all with characterising compact Kéahler manifolds which can be
embedded into a projective space, and, later, with properties of projective man-
ifolds.

6.1 Line bundles and maps into projective spaces

Let M be a compact complex manifold and L a line bundle on M, such that
dim H°(M, L) > 2, i.e. L has at least two linearly independent global sections.
To every point p € M we associate the subspace H,, of global sections which
vanish at p. We have two possibilities: either H, = H°(M,L) or H, has
codimension one. We want to exclude the first possibility: a line bundle is called
base-point free! if for every p € M there exists a global section s € H(M, L)
such that s(p) # 0.

If a line bundle is base-point free then to every point p € M we can associate
a hyperplane H, = {s € H°(M, L); s(p) = 0}. A hyperplane in a vector space V
is the same as a line in the dual space V*, and therefore we obtain a holomorphic
map

& : M —P(H(M,L)*), p+ Hy,

to a projective space of dimension dim H°(M, L) — 1. Equivalently (but less
canonically) we can choose a basis sg,...,sy of H(M, L), and on any open
subset U C M where L is trivial with a local frame e and s;(x) = f;(x)e, set

1) = [fo(@),.... fn(@)] € CPY.

IThe base locus of a line bundle, or, more generally, of a linear subspace V C HO(M, L),
is the set {p € M;s(p) =0 Vs € V}.

116
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Remark 6.1.1. Observe that the bundle L is the pullback of the hyperplane
bundle O(1) on P(H®(M,L)*): L~ ®;0(1).
Ezample 6.1.2 (Veronese embedding). We consider M = CP" and L = O(d) =
H4. Global sections of O(d) are homogeneous polynomials of degree d in n + 1
variables 29, ..., 2,. It is clear that the base locus is empty. The map ®p(y) :
CP" — CPV, where N = dim H°(CP",O(d)) — 1 = (":d) — 1, is called the
Veronese embedding.

We can describe it more explicitly by choosing a basis of H°(CP", O(d))

consisting of all monomials 2% = z3° ... 20" with aq,...,, > 0and > «a; =d.
Let o, ...,a, be some ordering of these monomials. Then
@O(d)([zo, e zn]) = [zgo, ceey ZQN}.

The image V), q of the Veronese embedding, a Veronese variety, is the zero locus
of the obvious quadratic equations in CP: if q, aj,qp, q; is a quadruple of
multi-indices such that 2% 2% = 2%z, then V, 4 lies on the quadric wa, wa, =
Wa, wq, in CPY. For example, Vi 4 (which is called a rational normal curve) is

a submanifold of CP? described by vanishing of all 2 x 2 minors of

wy wi ... Wd—1
w; Wy ... wq |’
where wy, . ..,wq are homogeneous coordinates on CP?. For d = 2 we get a

single equation wows = w?.

In the above example, we have not actually proved that the Veronese embed-
ding is an embedding (although this particular case is easy to prove directly),
so let us address this question for a general basepoint-free line bundle L and the
map ®1. A holomorphic (or smooth) map is an embedding if it is: (i) injective,
and (ii) an immersion. For the map @, injectivity means that for every pair x, y
of distinct points in M we can find a section s € H°(M, L) such that s(x) =0
and s(y) # 0. One says then that the line bundle L separates points. We can
also express this property by saying that the natural map

HY(M,L) — L, ® Ly,

given by evaluating sections at z and y, is surjective for every x # y. Inciden-
tally, the basepoint-free property can be expressed similarly: the natural map
H°(M,L) — L, is surjective for every € M (one says that L is generated by
sections). These evaluations maps can be also viewed as arising from long exact
cohomology sequences associated to exact sequence of sheaves:

0—L®Z, —L— L, —0, (6.1.1)

0 —-L®Zyy—L—L,®L, — 0, (6.1.2)

where Z,, (resp. Z ) is the (ideal) sheaf of holomorphic functions vanishing at
x (resp. vanishing at = and y). The map ®;, associates H*(M,L ® T,) to x.
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The second condition, that of immersion, means that the differential of ®, is
injective at every x € M. In other words, for every v € T,, M, there is a section
s of L vanishing at x, but such that “ds(v)”# 0. I claim that ds is well defined
as an element of (T*M ® L),. Indeed, choose any local trivialisation near x, so
that the section s is represented by a smooth map sg : U x C and define ds in
the usual way (as the differential of a smooth map). In any other trivialisation,
s is represented by s; = gsg, where g is the change of trivialisations. Then
dsi|le = (sodg)|z + (9dso)|z = g(x)dsolsz, since so(x) = 0, and consequently
dso|, represents an element of (T*M ® L),. Therefore, condition (ii) can be
rephrased as: the well defined sheaf map

dy LRI, > T:M® L,

is surjective on global sections for every x € M. One says that the line bundle
L separates tangent directions. The sheaf map d, also fits into a short exact
sequence:

0—L®I2— Lo, 2 T'M® L, — 0. (6.1.3)

Remark 6.1.3. Observe that Z,/Z2 is canonically isomorphic to T M. Indeed,
T:M can be viewed as H1O(M)/H1O(M) ® Z,, (quotient of the sheaf of holo-
morphic 1-forms by 1-forms vanishing at x), and the differential d, maps Z2
(sheaf of holomorphic functions vanishing to order 2 at z) to H%(M) ® Z,, and
induces an isomorphism Z, /Z? ~ HYO(M)/HO (M) ® T,.

Definition 6.1.4. A holomorphic line bundle L on a compact complex manifold
M is called very ample, if the map ®, is an embedding, i.e. L separates points
and tangent directions. L is called ample if some tensor power L¥ = L®* k € N,
is very ample.

The following is the immediate consequence of the definition:

Proposition 6.1.5. Let M be a compact complex manifold and suppose that
there exists an ample line bundle on M. Then M is projective. O

Ezample 6.1.6. Returning to the Veronese embedding, it is clear that homoge-
neous polynomials of degree d > 0 separate points and tangent directions, so
this really is an embedding.

Ezample 6.1.7 (Elliptic curves). Let C = C/A be an elliptic curve, where A =
{mw1+nwy;m,n € Z}, wy,ws € C are linearly independent over R. We consider
line bundles O(kp) = [kp] corresponding to divisors of the form kp, where p is
a point on C' and k € N. We have exact sequences:

0 — O((k — 1)p) — O(kp) — O(kp)/O((k —1)p) =~ C — 0,  (6.1.4)

where the first map multiplies a local section of O((k—1)p) on U by z—pifp € U
and by 1 if p € U. Since K¢ is trivial (C is a torus), the Kodaira-Serre duality
tells us that H'(C,O(kp)) ~ H°(C,O(—kp))* and hence dim H(C, O(kp)) is
1if k=0and 0 if £ > 1. The long exact cohomology sequence of (6.1.4) shows
now inductively that dim H°(C, O(kp)) = k.



6.1. LINE BUNDLES AND MAPS INTO PROJECTIVE SPACES 119

We consider the maps ®;, corresponding to L = O(kp), k € N. Observe that
the ideal sheaves occuring in (6.1.1)-(6.1.3) are now line bundles: O(kp) ® T, ~
O(kp — ), O(kp) @ I, ~ O(kp — x —y), O(kp) ® 2 ~ O(kp — 2z). The
long exact sequence of (6.1.4) with k¥ = 1 shows that O(p) is not generated by
sections. O(2p) is generated by sections (H'(C,O(2p—x)) = 0 due to the Serre
duality), but it separates neither points nor tangent directions (non-separation
of points can be seen from topology: there is no smooth injective map from a
torus to P! ~ S2%; for tangent directions set x = p in (6.1.3) - then L ® Z2 ~ O
and the long exact sequence of (6.1.3) shows that d, is not surjective). For
k > 3, however, O(kp) is very ample. Indeed, the Serre duality implies then
that HY(C,L®Z,,) =0 and H*(C,L®Z2) =0, so the corresponding maps on
global sections are surjective.

Thus, for L = O(3p), the map @1, : C — CP? is an embedding. In order to
identify it, we need to describe global sections of O(3p). Recall from §3.5 that
O(kp) has a tautological section sy with zero of order k at p. If s is any other
global section of O(kp) then s/sg is a meromorphic section of O(kp) @ O(kp)* =
O(kp—kp) = O, i.e. a meromorphic function on C. Moreover the only singularity
of s/sp is a pole of order at most k at p. Conversely, if f is a meromorphic
function on C with the only singularity a pole of order at most k at p (usual
notation is (f) > —kp), then fs¢ is a holomorphic section of O(kp). We have
thus an isomorphism of vector spaces:

HY(C,0(kp)) =~ {f € H'(C, M); (f) > —kp}. (6.1.5)

The section sy corresponds to the constant function f = 1. Taking £ = 1 in the
above correspondence shows that there is no meromorphic function on C' with
exactly one simple pole at p. Setting k = 2 shows that there is a unique (up
to rescaling) meromorphic function with pole of order 2 at p. This function,
known as the Weierstrafl p-function, can be written explicitly. For z € C\A set

weA\{0}

This is a A-periodic meromorphic function on C (I shall leave the convergence
of the series as an exercise) with doubles poles at points of A, and hence it
descends to a meromorphic function on C' with a double pole at the point p
corresponding to 0 € C. The derivative of p

o(2) =2 Z ﬁ

has a pole of order 3 at p, and therefore corresponds to a section of O(3p). The
functions 1 and p also correspond to global sections of O(3p) under (6.1.5),
and since they all have poles of different order, they are linearly independent.
Therefore:

H°(C,0(3p)) ~ (1,0,¢').
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The corresponding map ®7, : C — CP? is then

z 0 [1,0(2), 0/ (2)]- (6.1.6)

We can identify its image as follows. Observe that the following seven functions
L, 0, 0% 0o, 93, (9')? all have a pole of order at most 6 at p, and hence they
correspond to sections of O(6p). However dim H°(C, O(6p)) = 6, and therefore
these functions are linearly dependent. Comparing the coefficients of z~6 shows
that the relation among them is of the form

(9)? = 40" + a1pp’ + a20” + azp’ + asp + as, (6.1.7)

for some constants ai,...,as.> Therefore the image of the map (6.1.6) is de-
fined by a cubic equation. Conversely, it follows from Ex. 2 in Homework 5
that a smooth projective plane curve C C CP2, defined by a cubic equation,
satisfies dim H'(C, Q) = 1, i.e. it has genus 1, and is therefore an elliptic curve
(embedded in CP? by ®;, with L ~ O(p; + p2 + p3) for some py, p2,p3 € C).

Let me finish this long, but hopefully instructive example by considering the
embedding @7, : C — CP? corresponding to L = O(4p). Arguments completely
similar to the ones above show that

HY(C,0(4p)) ~ (1,0,¢',0%),

and consequently the map @, is

2= [1,0(2), 0/ (2), 9% (2)].

Set X = p(z2), Y = ¢/(2), Z = p*(z), and observe that Z = X2 and that the
relation (6.1.7) can be now written as:

Y2 =4XZ + a1 XY +asZ + asY + ay X + as.

In other words, ®(C) is cut out by two quadratic equations. Conversely, one
can show that a smooth intersection of two (distinct) quadrics in CP? is an
elliptic curve.

6.2 Kodaira embedding theorem

Theorem 6.2.1 (Kodaira). A holomorphic line bundle on a compact complex
manifold is ample if and only if it is positive.

Proof. One direction is easy: if L is ample, then there exists a k € N such that
L* is the pullback of the hyperplane line bundle on the projective space. Hence
kci (L) is the pullback of ¢1(O(1)), therefore positive.

For the other direction, we need the following result from analysis:

2 A more precise analysis will show that a; = a2 = a3z = 0.
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Theorem 6.2.2 (Hartog’s theorem). Let A(r) and A(r") be two closed poly-
disks in C™ with v > v’ and n > 2. Any holomorphic function f defined on a
neighbourhood of A(r)\A(r") extends to a holomorphic function on A(r).

Proof. In order to keep the notation simple, we assume that n = 2 (the general
case is then straightforward). Let 21,22 be complex coordinates on C? and
observe that each slice z; = const of A(r)\A(+') is either the annulus ' <
|z2| < r, or the disk |z2| < r. Use the Cauchy formula and define

RS fz1, w2)

211 Wy — Zo
|we|=r

F(Zl,ZQ) = dUJQ

F is defined on A(r) and clearly holomorphic. Moreover, in the open connected
subset |z1] > " of A(r)\A(r')

f(z1, w2
Pl ) = g 2 = )

and so F' = f on this open subset; hence F' = f on A(r)\A(r). O

We need to show that for any positive line bundle L there exists £ € N
such that L* separates points and tangent directions. I hope that by now you
noticed how useful divisors are, so the technique used here, and in many similar
situations, is to replace a point, which has a high codimension, with its blow-up,
which is a divisor. Let z and y be two distinct points of M and blow up M
at both of them. Denote the result by M and let w : M — M be the natural
projection. Put L = n*L and consider the pullback map on sections

7 HO(M, L¥) — HO(M, L¥).

Any section of L¥ defines a section of L* on M\{z,y}. For n > 2 it extends to
a section on all of M owing to Hartog’s theorem, while for n = 1 M = M and
m* is identity. Therefore the map 7* is an isomorphism on global sections.

Furthermore, since L* = 7*L*, L¥ is trivial along the exceptional divisors
E; and E, i.e.

LM, =B.xI¥,, LY, =B, <L,

Let E = E,UE, and denote by rg (resp. by r4,) the restriction of sections to E
(resp. to {z,y}). The above considerations imply that we have a commutative
diagram:

HO(M,L*) 2  HO(E,LF)

Tt I
HO(M,LF) =% LF| &L
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Therefore, in order to prove that L separates points, it suffices to show that
rg is surjective. The kernel of the sheaf map rg : Lk — Ek|E is the sheaf of
sections which vanish on E, i.e. the sheaf of local sections of L¥ [—E] (it is at
this point that replacing points by divisors pays off ). Let us abbreviate the line
bundle L* @ [~ E] to L¥(—E). Thus we have a short exact sequence

0 — LF(—B) — L* "5 IF| . — 0,

and the surjectivity of 7z on global sections is equivalent to H'! (M, zk(—E)) =

0. Since the sheaf H™° of holomorphic forms of highest degree on M is isomor-
phic to K37, we can write

LF(—E) ~ HmO (Zk(—E) ® K;7) :

The Kodaira-Akizuki-Nakano vanishing theorem (Theorem 4.3.3) implies that
HY(M,LF(—E)) =0, provided that LF(—E) ® K- is a positive line bundle on

M.
We have seen in the previous chapter (Lemma 5.5.2) that ¢; (M) = 7*¢y (M)+
(n — 1)c1([—E]). Therefore we need to prove the positivity of

1 (Ek) + 7 c1 (M) +ney([—E)) = kn*er (L) + 71 (M) + nei ([ E]). (6.2.1)

We also know (Lemma 5.5.2 again) that [—F,] |E ~ H, where H is the hyper-

plane line bundle on E, ~ CP"~! and similarly for E,. Therefore [—E] | p has
a hermitian metric which has a positive (Ricci) curvature. This metric can be
extended to a neighbourhood of F and the curvature will stay positive on some
smaller neighbourhood. On the other hand, the bundle [E] has a tautological
section s vanishing exactly on E. In other words s trivialises [E] over M\ E and
we can define a flat hermitian metric on [E]|Mv\ > and hence on [—FE] ’]\7\ = by

setting |s|? = 1. We can now glue these two metrics using a bump function, and
obtain a hermitian metric on [—FE], the Ricci form p of which is positive on a
neighbourhood U; of E and identically zero outside a neighbourhood U D Us.
By assumption L has a hermitian metric, the curvature ¢ of which is posi-
tive. Let [iY)] represent ¢q(M). For sufficiently large k1, k1¢ + ¢ is positive.
The pullback of k1¢ + ¥ to M is positive outside F, while at the points of E
7 (k1o + ) (v, ) = 0 if v is tangent to E and is positive if v is normal to E. It
follows that for a sufficiently large ko, the form

7 (k1¢ + ) + (ko™ + np)

is positive, which proves the positivity of (6.2.1) for k = k; + ko.

We have shown that for every pair of distinct points x,y, there exists k € N
such that L separates z and y. We still need to show that k can be chosen
independently of = and y. But, clearly, if L¥ separates = and y, then it separates
nearby points, so this claim follows from the compactness of M.
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__ Separation of tangent vectors is proved similarly. Let 2 € M and let 7 :
M — M be now the blow-up of M at x, with E = 7=!(x). Again the pullback
map

7 HO (M, L¥) — H° (1\7 E’“)

is an isomorphism (L = 7*L). Furthermore, if 0 € H(M, L*), then o(z) = 0
is equivalent to 7*¢ vanishing on E. Therefore 7* restricts to an isomorphism

=l (M LR e 1) — HO (M,IN-E)).

The bundle [—E]|  is identified with the conormal bundle N of E, and hence
H° (E, [—EHE) ~ T*M. We obtain a commutative diagram

HO<M’Zk[—E]) 7—E> HO(EaZk[_E])
T I
HOM,LFoI,) 2= Lk oT:M.
We must show that rg is surjective for large k. We have an exact sequence of
sheaves on M:

0 —s L*[-2E] — L*[-E] 5 f’“[—E]’E o0,

and the long exact sequence on cohomology implies that the surjectivity of rg
is equivalent to H' (M, L¥[-2E]) = 0.

As before LF[—2E] ~ H%}O (Zk[—2E] ® K;‘V[) as sheaves. The same argu-
ment as for x,y shows that Zk[sz] ® K]% is positive for large k, and again the
Kodaira-Akizuki-Nakano vanishing theorem implies that

137 Tk 1(37r on (Tk *
H'(M,L*—2E]) = H (M,QM (L [—2E) ®KM>) =0.
Again k can be chosen independently of x. a

Projectivity of complex manifolds

Theorem 6.2.1 can be reformulated as follows:

Theorem 6.2.3 (Kodaira embedding theorem). A compact complex manifold
is projective if and only if it has a closed positive (1,1)-form w such that [w] is
rational.

Proof. If M is projective, then the Chern class of the hyperplane line bundle
restricted to M is positive and integer. Conversely, suppose that we have a form
w as in the statement. Then [kw] € H?(M,Z) for some k € N. The exponential

sequence
exp

0—7Z-50R 0" 9
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yields

co— HY(M,0%) =5 H*(M,Z) = H*(M,0) — ...
Since H2(M, O) ~ Hg’2(M)7 ix maps any (1, 1)-class to zero. Therefore i, ([kw]) =
0 and there is a line bundle L € H'(M,O*) with ¢;(L) = [kw]. L is positive,
hence M is projective, owing to Theorem 6.2.1 and Proposition 6.1.5. O

On a Kéahler manifold we can consider the subset K of Hg’l(M) NH?(M,R)
consisting of positive forms. This is called the Kdhler cone of M and is an open
cone (i.e. a convex subset closed under multiplication by positive scalars). The
above theorem says that M is projective if and only if X N H?(M,Q) # () (or
KN H?(M,Z) # 0).

A simple sufficient condition is given by:

Corollary 6.2.4. A compact Kdhler manifold M with Hg’Q(M) = 0 is projec-

tive.
Proof. In this case Hy' (M) = H*(M,C) = H*(M,Z)® C. An open cone (such
as K) must intersect the integer lattice H?(M,Z). O

We finish the section by showing that several standard constructions preserve
projectivity.

Corollary 6.2.5. If My and My are projective, then so is My x Ms.

Proof. If wy,ws are rational closed positive (1, 1)-forms on M;, Ms, respectively,
and m; : My x My — M;, 1 = 1,2, are the projections, then mjw; + 75wy is again
a closed rational positive (1, 1)-form. O

Ezample 6.2.6 (Segre map). This is an embedding
CP" x CP™ — CPN
given by @, (§6.1) for the very ample line bundle L = nfHepr @ 73 Hepm on
CP" x CP™. For example, the Segre embedding of CP! x CP! into CP? is
([zo,zl] , [wo,wl]) — [0, 21, T2, 23] = [20wo, 20w, 21W0, 21W1].

Its image is the quadratic surface xgxs = 12 in CP3.

Corollary 6.2.7. If M is projective, then the blow-up M of M at a point is
projective.

Proof. The proof of the theorem 6.2.1 shows that if L is positive, then Ek[—E]
is positive for large k. O

Corollary 6.2.8. Ifﬁ — M 1is a finite covering of compact complex manifolds,
then M is projective if and only if M 1is.

Proof. The induced map on cohomology H?(M,C) — HQ(M, C) is just the
division by the number of sheets of the covering. Moreover it preserves positivity.
Hence there is a positive closed (1,1)-form in H2(M, Q) if and only if there is
one in HQ(M,Q) O
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6.3 Further properties of projective manifolds

There are several interesting results which are valid only for projective mani-
folds. As you may guess, the reason is the existence of an ample (i.e. positive)
line bundle on such manifolds.

Line bundles and divisors 11

We are going to prove the property already mentioned in §3.5, namely that
every line bundle on a projective manifold is associated to a divisor. We need
first a result, which is a version of Sard’s theorem in the special case of linear
systems. A linear system on a complex manifold is a subspace V of H°(M, L)
for some line bundle L. The base locus B of a linear system is the set of all
points x € M such that s(z) =0 for all s € V.

Lemma 6.3.1 (Bertini’s theorem). Let V' be a linear system on a complex
manifold M, with base locus B. For a generic s € V, s71(0)\B is smooth.

Proof. Fix a basis s1,...,s, of V and consider the map ¢ : (M\B) xCF - C
given by

k
o(z,0) = ¢(z, (ar,...,0n)) = Z a;s;(x).
i=1

Since = ¢ B, there is an i such that Z%(Z (2200) # 0, and hence d¢ is surjective at

every point (z, ). Consequently ¢~!(0) is smooth. Now consider the projection
7 : ¢~ 1(0) — CF. Sard’s theorem implies that for a generic choice of a =

(a1,...,a1), the set 771 (a) = (Zle aisi)fl(O)\B is smooth. O

Proposition 6.3.2. Let M be a projective manifold. Then the natural map
Div(M) — Pic(M) is surjective.

Proof. Let M be an n-dimensional compact complex manifold embedded in
some CPY. We have to show that every line bundle L on M has a meromorphic
section. First of all, I claim that H'(M, L(k)) = 0 for sufficiently large k € N,
where L(k) denotes the tensor product of L with the restriction of Ocpn (k) to
M. This is the same trick as in the proof of the Kodaira theorem: we view L(k)
as the sheaf H™Y(L(k)® K3;) of holomorphic n-forms with values in L(k)® K},.
Since O(1) is positive and M is compact, L(k) @ K}, will be positive for large
k, and the claim follows from the Kodaira-Akizuki-Nakano vanishing theorem.

Now I claim that for sufficiently large k, the bundle L(k) has a global holo-
morphic section. We prove this by induction on dim M (i.e. we prove that for any
compact submanifold M of CPY and any line bundle L on M, H°(M, L(k)) # 0
for large enough k). The claim is trivial if dimM = 0. Suppose that the
statement holds for all (n — 1)-dimensional projective submanifolds of CP¥.
According to the above lemma, we can find a section s of Oc¢pn (1) such that
D = s71(0) N M is smooth (since O(1) is base-free). Now consider the exact
sequence:

0 — L(k—1) % L(k) — L(k)|p — 0.
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Let k be large enough so that HY(M,L(k — 1)) = 0 and H°(D,L(k)) # 0
(such a k exists by inductive assumption). The long exact sequence implies
that H°(M, L(k)) # 0, proving the claim. We finish the proof by observing that
if ¢ is any holomorphic section of L(k) and p is any homogeneous polynomial of
degree k (i.e. a section of O(k)), then ¢/p is a meromorphic section of L. O

Lefschetz hyperplane section theorem?

Theorem 6.3.3. Let M be a compact Kdhler manifold with dimec M = n and
V € M a smooth compact complex hypersurface such that the line bundle [V] is
positive. Then the map

H{p (M) = Hip(V),
induced by the inclusion V.— M, is an isomorphism for ¢ < n—2 and injective

forqg=n—1.

Proof. Both M and V are compact Kéhler, hence their de Rham cohomology
admits the Hodge decomposition. Thanks to the Dolbeault theorem we have to
prove that

HY(M,HY)) — HI(V, H2O)
is an isomorphism if p + ¢ < n — 2 and injective if p+ ¢ =n — 1. We have two
short exact sequences of sheaves

0 — HY(=V) — HEP S 1P|, — 0, (6.3.1)

where H%?(—V) is the sheaf of forms vanishing on V, and the conormal sequence
(recall Ex. 2 in Homework 7)

0 — [V, — H)|, — Hy® — 0.

Taking the p-th exterior power of this last sequence yields:*

0 — HEH=V) — HEP |, - HEY — 0. (6.3.2)

\4

By assumption [—V] is negative on M, and hence [—V]’V is negative. The
Kodaira-Akizuki-Nakano vanishing theorem (cf. Remark 4.3.7) implies that

HY (M, HY (-V)) =0 ifptg<n and HY(V,HL "°(-V))=0ifp+q<n.

Now taking the long exact sequences of (6.3.1) and (6.3.2) shows that the com-
position
HY (M H57) == HO(V.HE| ) = HO(V.HY)

is an isomorphism if p + ¢ < n — 1 and injective if p+qg =n — 1. O

3 Also known as the weak Lefschetz theorem.
41 shall leave the linear algebra argument as an exercise.
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Example 6.3.4. Taking M = CP™ and V a hypersurface defined by a homoge-
neous polynomial of degree d (so that [V] = O(d)) shows that the cohomology
of V' is the same as that of CPP" up to dimension n — 2. Now the Poincaré
duality implies that for ¢ > n Hig (V) ~ HI*(CP"). The only cohomology
group which is not completely determined is the middle one Hjy Y(V'). This can
indeed be much larger than HJ5'(CP") - recall exercise 2 from Homework 5,
where you showed that such a V in CP? is a Riemann surface of genus (dgl),
and hence dim H} (V) = (d — 1)(d — 2).

Example 6.3.5. A projective submanifold X of CP" with dim¢ X = k is called a
complete intersection if it is defined by n — k homogeneous polynomials. Apply-
ing the Lefschetz theorem repeatedly shows that Hip (X) ~ Hi, (CP") if ¢ < k.
This allows us to immediately tell that many projective manifolds cannot be
complete intersections. This is the case, for example, for any projective torus
of dimension greater than 1 (since H}g (CP") = 0).

Chow theorem

In its original formulation, Serre’s famous GAGA theorem (see p. 32) asserts the
equivalence of categories of coherent algebraic sheaves on a projective variety
and the category of coherent analytic sheaves on the corresponding analytic
space. Several years before (in 1949) W.-L. Chow proved that projective analytic
varieties are algebraic. I shall now give a proof of this.

First of all, let us define subvarieties.

Definition 6.3.6. Let M be a complex manifold. A subset X C M is called an
analytic subvariety of M if every point € X has a neighbourhood U in M such
that X NU is the common zero set of a finite number of holomorphic functions
defined on U.

Definition 6.3.7. A subset X of a projective space CP" is called an algebraic
subvariety if it is the common zero set of a number of homogeneous polynomials.

In both cases a subvariety is said to be irreducible if it is not the union of
two other subvarieties.

Theorem 6.3.8 (Chow theorem). Every compact analytic subvariety of CP™ is
algebraic.

Proof. We have essentially proved this already in the case of an hypersurface.
If V is a compact analytic hypersurface in CP", then the line bundle [V] has
a holomorphic section vanishing on V. However, any line bundle on CP"™ is
a power of the hyperplane line bundle (Remark 4.3.9), and consequently, any
section of [V] is a homogeneous polynomial.

For subvarieties of higher codimension we are going to use the technique of
projections, which is of interest on its own. If L is an (n — k — 1)-dimensional
projective subspace of P™ (i.e. L is the projectivisation of an (n—k)-dimensional
linear subspace of C"*1), then we can project CP™\ L onto any complementary
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k-dimensional projective subspace A ~ CP* by sending a point ¢ € CP"\ L to
the intersection of (g, L) with A. If we choose linear coordinates so that

L=Alz0,...,2n] €CP"; 29 =--- =z = 0},

A={[20,---,2n) €CP"; 2441 =+ = 2, = 0},

then this projection is simply
T [20y vy 2n) — (205 - 2K

Let now X be a k-dimensional compact analytic subvariety of CP™ and p ¢ X.
Choose an (n — k — 2)-dimensional projective subspace L disjoint from p and
such that the (n —k— 1)-dimensional subspace (p, L) is disjoint from X. Project
CP"\L onto a complementary CP*+1. If we can show that the image of X is
still an analytic subvariety, then owing to the argument at the beginning of the
proof, m(X) is the zero locus of a homogeneous polynomial f(zo,. .., zkx4+1). This
polynomial, viewed as a polynomial in n 4 1 variables, vanishes on X but not
at p, since 7(p) € w(X). Therefore, for every p € CP™, there is a homogeneous
polynomial vanishing on V', but not at p, and Chow’s theorem follows from
Hilbert’s basis theorem.

Thus the proof of Chow’s theorem is reduced to showing that a projection
of an analytic subvariety is an analytic subvariety. A projection from an (n —
k — 2)-dimensional subspace L can be replaced by repeated projections from a
point, so we only need to show that if ¢ ¢ X, then the image of a compact
k-dimensional analytic subvariety under the projection CP™\{q} to CP"~! is an
analytic subvariety.

Since the property of being analytic is local, it is sufficient to show that
if Y is an analytic subvariety of a neighbourhood of 0 in C”, and the line
z1 = -+ = 2zp,—1 = 0 is not contained in Y, then the image of a neighbourhood
of 0 in Y under the projection

m: (21,0005 20) > (21,405 Zn—1)

is an analytic subvariety of a neighbourhood of 0 in C*~*.

Let Y be given, in a neighbourhood of 0, as the common zero locus of finitely
many holomorphic functions fi,..., f,. We may assume (replacing the f; with
their linear combinations, if necessary) that no f; is identically zero along the
zp-axis. The Weierstral preparation theorem® implies that we can replace the
fi with functions which are polynomials in z,, i.e. each such function is of the
form

d
hMw, z,) = Z a;j(w)zl, (6.3.3)

where each coefficient is a holomorphic function of w = (z1,...,2,—1) in a
neighbourhood of 0 € C"~!. For any polynomial in one variable, its coefficients

5See Griffiths and Harris, pp. 7-8.
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are given by the elementary symmetric polynomials in its roots ¢1,...,t4. On
the other hand any symmetric polynomial in ¢;,...,t4 can be expressed as a
polynomial in elementary symmetric polynomials. Therefore, if ¢;(w), ..., tq(w)

denote the roots of h(w, ), where h is of the form (6.3.3), then

is a well-defined holomorphic function in a neighbourhood of 0 € C*~!. It is

easy to verify that 7(Y") is the common zero locus of functions fi,..., f..
O

Remark 6.3.9. The proof given here also shows that if f: M — M’ is a holo-
morphic submersion between complex manifolds and X is an analytic subvariety
of M such that f|x is finite-to-one, then f(X) is an analytic subvariety of M.
This is a special case of Remmert’s proper mapping theorem which asserts that
f(X) is an analytic subvariety for any holomorphic map f : M — M’ such
that f|x is proper. The proof of this is hard; see Griffiths & Harris, pp. 395ff.,
for a proof under an additional assumption, or H. Grauert and R. Remmert
“Coherent analytic sheaves” (Springer 1984) for a proof in full generality.

THE END
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